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Crystallography, a science of modern discovery, has open- 
ed a wide field for the contemplation of those who have a taste 
for solid geometry, and whose investigations have been hitherto 
mostly confined to the five Platonic bodies, together with prisms 
and pyramids. These few solids, however, occupied much 
of the attention of the ancient mathematicians, especially 
of Plato, who first treated of them. Euclid, his cotem- 
porary, is said to have composed his elements of geometry! 
for the express purpose of demonstrating such of the pro- 
perties belonging to these solids with which he was acquainted* 
These properties are chiefly confined to the relations which 
the above mentioned solids have to the circumscribed sphere, 
or to each other when inscribed in the same sphere. Since 
his time various attempts have been made to extend the sub- 
ject. The most successful appears to be that of Abraham 
Sharp, who, about the beginning of the last century, published a 
work, which is certainly ingenious ; but not being furnished with 
the clue afforded by the study of Crystallography, and his atten- 
tion being engrossed by his favourite object of pursuit, namely, 
tracing the relations between the angular solids with then* 
inscribed or circumscribed spheres, he has distorted two of 
the finest and most interesting solids, the hexacontahedron 
and trapezohedron, for the sake of getting the greatest 
possible number of their angular extremities to touch the cir- 
cumscribed sphere. This remarkable and beautiful property of 
the Platonic bodies has in general so facinated. mathematicians 
that they have passed by the various other properties of these 
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bodies, and their mutual relations independent of the sphere, as 
a barren field for investigation. That the reverse, however, is 
the case will, it is hoped, be conceded by all who attentively 
peruse the following pages. How far the author has done 
justice to the subject, must be left to the judgment of the 
reader to determine. 

The arrangement of the work has been adopted for the sake 
of demonstrating the existence of the artificial series. It com* 
meuoes with a description of the Platonic bodies, and of those 
solids which, naturally arise from them; it afterwards pro- 
ceeds to treat of thoae angular solids which rank next in impor- 
tance, and concludes with the solids comprehended under the 
the general terms Prisma, Pyramids, and ParaAeiopipeds; to 
which is. subjoined a short description of the Cone, Sphere, and 
Cylinder. 

In, describing the three first of the Platonic bodies, namely, 
the tetrahedron* the cube, the octahedron, as well a* the 
Thomboidal dodecahedron and trapeaohedron, which are derived 
from the first three, he has shewn how any one of these five 
solids Stay be out out of the remainder, in a very simple man- 
near; which forma by no means the least interesting part of the 
following pages. 

The demonstrations are placed at the end for the convenience 
of the reader. These commence with the sections of the axes 
of the natural solids, by planes passing through their various 
angular extremities at right angles to the axes : then follow the 
Theorems demonstrating the ratios subsisting between the 
whimex of the natural solids, when contained in each other, 
or in the same solid ; concluding with some theorems demons- 
trating certain properties belonging to the Platonic bodies and 
their derivatives. 



Dke demomtrations of the ratios swbsistifig between the vo- 
lumes of 4he eolids composing the artificial series, together with 
the various tncHnmtions <rf their faces, are given in the «ppen* 
dix, which was drawn op by fefe friend Dr. Reget, who kindly 
undertook the Chorions task of investigating en4 of calculating 
them* Seme of 4he results -of his investigations have also heen 
given in 4he %edy of 'the wetfk tinder the articles dodecahedron, 
toosahedron, triacontahedron, and hexacontaheflron. 

Hie west important sahjeot in the following work to whichthe 
author would particularly direct the attention of the reader is, the 
existence of the double aeries of solids, which he has termed the 
natural and the artificial for the purpose of distingmshkig them, 
and the various properties belonging to 4he*ft. Among these 
aire the following remarkable -ones, namely, that the fast soHd 
in eaoh series contains all the foregoing of die same series ) the 
angular extremities of the latter being easily traced otrtin the sur- 
face of the former : and that the volumes of the contained solids 
in the last of the natural series, which is (he frape&ohedron, ate 
commensurable with each other, and fflrewise with that of the 
taapevohedron which envelopes them* Another ^circumstance, 
pethaps <not less sea-prising, is the itaqdieity of the num- 
bers expressing their ratios, Which are 411 rational ; and in no 
instance, among fee simple natural solids, have a greater factor 
than three. The Ctiboctahedren, which is not a simple solid, 
but is only part of one, has constantly, in one of tine numbers ex- 
pressing the ratios between it and any one of the simple solids, 
a five for Its greatest factor, the other term never has a 
greater factor than three, and in several instances it is less. 
The last of die novel part of the work is the description of seven 
distinct dodecahedrons, together with their remarkable conneo* 
tion with the cube. 
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- There is considerable difficulty in defining the axis of a solid. 
The definition given in this work applies to all the simple solids, 
that is, solids formed of equal and similar faces, together with 
pyramids formed of equal and similar sides : hut it does not in- 
clude all pyramids, nor any of the prisms or cylinders. Since 
printing the above definition, a new one has been given by 
Professor Jameson of Edinburgh, in his treatise on mineralogy, 
communicated to him by Professor Mohs, who occupies the 
chair of the late celebrated Professor of Freyberg. On this de- 
finition Mohs has raised a new system of Crystallography, a 
short description of which system has been given in the above 
work with the definition. His description, however, has evi- 
dently not done justice to the subject ; but a work expressly 
on the above system is announced for publication, in which no 
doubt ample compensation will be made. The definition itself 
has been much obscured in consequence of making use of the 
term figure to signify both a plane and a solid. Mohs's defini- 
tion of the axis of a solid as given in the above mentioned 
treatise, is this : " When the section of a simple figure (solid) 
as a rhomboid or cube, affords, by means of a plane which does 
not pass through its centre, a regular, or equiangular, or equi- 
lateral figure, or one in which such a figure can be inscribed, 
the straight line which stands perpendicular on the middle point 
of the figure (face of the section) and passes through the centre 
of the figure (solid) is an axis." 

This definition has given rise to a variety of names for different 
kinds of axes; for instance, when the section is an equilateral 
triangle it is called a rhomboidal axis, when it is a square it is 
called a pyramidal axis, and when it is a rhomb it is called a 
prismatic axis. Reasons are stated for so naming them, but 
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same of them are unintelligible unless further explanations bo 
given. 

The idea, however, of classing the different kinds of axes 
may certainly be useful to solid geometry, for the purpose of 
defining the axes of various solids. In such case the first class 
may consist of those simple solids, which have opposite faces, 
that are parallel to each other; both the extremities of the axes 
of these solids are clearly marked out in the surface of the solids 
each terminating in an angular extremity. The second class 
may be called the pyramidal axis, or the axes of those solids 
which have an angular extremity opposite to each face ; one 
extremity only of those axes terminates in an angular extremity 
of the solid, the other terminating in the centre of the opposite 
face. The third class may be called a prismatic axis; which 
is a line drawn from the centre of one base to the centre of the 
opposite base, neither of the extremities of these axes terminate 
in any of the angular extremities of the solid. 

Trapezohedron is a term lately introduced by M. Brochant, 
to designate a solid, bounded by twenty four equal and 
similar trapezoidal faces, which solid had before no specific 
name. This term is equivocal, being equally applicable to two 
other solids, (see page 57), but these two solids have been lit- 
tle known, nor are they likely to present themselves to notice so 
frequently, as the one in question, on which account it may be 
allowed this preference. The term is very expressive of the 
quality of the faces, though it does not express the number of 
them, in which respect it differs from the names of the Platonic 
bodies. Tetrahexahedrcn meaning four times six sided would 
have been more analogous to them, though perhaps upon the. 
whole not less exceptionable. 

Rliombohedron has been introduced by the same Mineralogist 
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instead of the term riianvbatd; die first term means ruomb- 
sided and the last rhomb-like. The former does not express 
the number «f the sides, but the quality of them. I& «rder to 
hare expressed the number of the aides it should have been 
named hexahedron, at which ease the two varieties mint have 
been distinguished by the terns acute hexahedron and ob- 
tuse hexahedron; hot these are not expressive of its most re- 
markable property, namely, its being bounded by rhombs, and 
they would be less likely to be general]/ understood from their 
total want of similarity to the names by which these soMds have 
hitherto been distinguished. The Rhnmbohedron was first 
known by the name *otid Rhombus; but at that time no other 
variety was noticed than the acute rhombohedron, fig* M, whose 
faces were each formed of two equilateral triangles. Seine 
years ago Haiiy introduced the term Rhomboid to express 
every variety, both acute and obtuse* This term rhomboid was 
formerly used to denote a parallelogram, whose sides are not 
all equal nor its angles right angles, which parallelogram was 
then named an obHgme angled fmalkbgram ; should the term 
rhombohedron be generally adopted, the above parallelogram 
might, with great propriety and convenience, have its original 
name restored. 

TKa€Orttuh*dron>OT thirty*sided is a term introduced by Haiiy. 

USexaoontakedron^ or sixty-sided, is introduced on account of 
its analogy with the last and the other terms. 

Gtboetahtdnm derives its name from being intermediary be- 
tween the cube and the octahedron, and because it is bounded by 
six squares, the number of faces of a cube, andoght equilateral 
triangles, the number of faces in an octahedron. 

Excube derives its name from being fanned from a cube, by 
hawing its angukr extremities *bgh% truncated. 

Exoctahedron, derives its name from being formed from an 



octahedron, by having ita angular extremities slightly truncated. 
The preposition ex has been used as a prefix, on account of its 
being the moat concise word that could be found to answer that 
purpose ; excube literally meaning from a cube, and exoetahe- 
dron from an octahedron. The terms excube, cuboctahedron, 
and exoctahedron are expressive of three different intermediary 
stages, between the cube and octahedron, each of these stages or 
steps, with every intermediary one that can possibly occur, may 
be distinguished by the general appellation of oubo-ootahedroa- 
a term introduced by Haiiy for that purpose* 

Icosadodecahedron derives its name, from being intermediary 
between the ieosahedron and dodecahedron, and because it is 
bounded by twenty equilateral triangles, the number of faces in 
an ieosahedron, and twelve pentagons, the number of faces in a 
dodecahedron. 

Exdodecahedron derives its name from beingformed from a do- 
decahedron, by having its angular extremities slightly truncated. 

JExicosahedron derives its name from being formed from an 

ieosahedron, by having its angular extremities slightly truncated. 

Triexoctahedron is a term that has been introduced by 
Cowley, the solid designated by it is generated by the mutual 
intersection of a rhomboidal dodecahedron, an octahedron and 
a cube ; it has been omitted in the body of the work by accident 

The term triangular dodecahedron among the definitions, has 
been introduced by mistake, instead of tetradodecahedron, the 
term triangular dodecahedron is general, and equally applicable 

to the scalene and bipyramidal dodecahedrons. 

N. J. LARKIN. 

Gee Street, Soman Town, 

Feb. 9, mo. ^^ 



Sets of Solids to accompany this work may be had of Mr. Mawb, 149, Strand ; 

Mr. Allen, near the College, Edinburgh; Mr. Clark, Sackville-Street, Dublin; 

Messrs. Harris & Co. Hamburgh, and of all Mathematical Instrument Makers in 

town and country. 

Sets of the Simple Solids in white wood to a i cube, 25 figures • • • 7 « 

The derivatives and intersecting Solids, &c. 28 figures 18 6 

Sets of the Simple Solids in white wood to the size of an 1* cube • • • 12 o 

The derivates and intersecting Solids, &c. 22 o 

Sets of Models to accompany Hatty's Mineralogy, from 16 to 20 Guineas. 

A LIST OF THE ABOVE SIMPLE SOLIDS. 



Natural Series. 

1 Tetrahedron 

2 Hexahedron, or Cube 
S Octahedron 

4 Rhomboidal Dodecahedron 

5 Trapezohedron 



11 Acute Rhombohedron 

12 Obtuse Rhombohedron 
18 Scalene Dodecahedron ' 

14 Bipyramidal Dodecahedron 

15 Tetradodecahedron 

16 Pentagonal Dodecahedron 

17 Trapezoidal -Dodecahedron 

18 Triaugular Prism 



Artificial Series. 
6 Pentahedron 
T Dodecahedron 

8 Icosahedron 

9 Triacontahedron 
10 Hexacontahedron 



19 Triangular Pyramid 

20 Quadrangular Pyramid 

21 Hexagonal Prism 

22 Hexagonal Pyramid 



28 Cone 

24 Sphere 

25 Cylinder 



A LIST OF THE DERIVATIVES AN1> INTERSECTING SOLIDS, &c. 



Intersecting Solids. 
26 Pentahedron 
2T Re-octahedron 

28 Re-dodecahedron 

29 Two Pentahedrons intersecting each 

other 

80 A Cube and an Octahedron inter- 

secting each other 

81 A Rhomboidal Dodecahedron and 
Cuboctahedron intersecting each 



other 



Derivatives. 
32 Excube 
88 Cuboctahedron 
84 Exoctahedron 



85 Exdodecahedron 

86 Icosadodecahedron 
8T Exicbsahedron 



88 Triexoctahedron 
VARIETIES OF SIMPLE SOLIDS. 



89 Obtuse Octahedron with square base 

40 Acute Octahedron with square base 

41 Rhombic Octahedron 

42 Rectangular Octahedron 

PARALELLOPIPEDS, OR QUADRANGULAR PRISMS. 



43 Rhomboidal Octahedron 

44 Pentagonal Dodecahedron 

45 Ditto 



Eight Prisms 

46 with square base 

47 with a rhombic base 

48 with a rectangular base 

49 with a rhomboidal base 



Oblique Prisms 

60 with a square base 

61 with a rhombic base 

52 with a rectangular base 

53 with a rhomboidal base 



Private Lectures given, and Schools attended by the Author, 

The author is requested to inform the reader, that a Mineralogical Dictionary is in 
the press, and will be published in the course of the spring. It will contain an ex- 
planation of the various terms used in Crystallography and a complete explanation 
of Hatty's Theory, illustrated by numerous engravings by Mr. and Miss Lowry, 
from original Drawings made expressly for the work. 
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INTRODUCTION 



TO 



SOLID GEOMETRY, &c. 



D^EiKmqire. 



NATURAL SERIES. 

TETRAHEDRON, a solid, having four eqpilsjeraltriangii 

HEXAHEDRON or CUBE,* sohd, bavipg si* square 

PwPiJV* ^ 

OCTAHEDRON, a solid, bavio^ eight equilateral triangu- 
lar* fsjMtJfy 3. 

RBflBfBOIDAL ftODECAHEIXRON, a solid, luwin* 
twelve equal and similar rhombic faces, ,/fy. 4. 

TRAPEZOHEDRON, a solid, having twenty-four equal 
and similar trapezoidal faces ; the short diagonals of its faces co- 
inciding with the edges of a contained rbomboidal dodecahe- 

* 

Arm,* Jig. 6.. 

Compound tolid* belonging to the natural ser/«f. 
Excube, a sojid having six regular octagonal and eight equi- 
ateral triangular fac^s^/fy, }4 r 



• There is a diffeulty ia defining this tolid o« account of Uie indeflnite 
variety of solids capable of being constructed, haviaj; tif*nly*fbjnr equal 
and similar trap* soidal faces. 

A 



DEFINITIONS. 

Cuboctahedron, a solid, having six square faces and eight 
equilateral triangular faces, Jig. 16. 

Exoctahedron, a solid, having six square bees and eight 
regular hexagonal faces, Jig. 16. 

Triexoctahedron, a solid, having eight equilateral triangular 
faces and eighteen square faces, ^. 16. 

THB ARTIFICIAL SERIES. 

PENTAHEDRON, a pentagonal pyramid, whose hase is a 
regular pentagon, and whose sides are isosceles triangles, each 

having the angles at the base double the third angle, Jig. 7. 

DODECAHEDRON, a solid, having twelve regular penta- 
gonal faces, Jig. 8. 

ICOSAHEDRON, a solid, having twenty equilateral tri- 
angular faces, Jig. 9. 

TRIACONTAHEDRON, a solid, having thirty equal 

and similar rhombic faces^g*. 10. 

HEXACONTAHEDRON, a solid, having sixty equal and 

similar trapezoidal faces ; its long diagonals coinciding with the 
edges of a contained triacontahedron/jfy. 11* 



Com pound solids belonging to the artificial series. 

Exdodecahedron, a solid, having twelve regular decagons, 
and twenty equilateral triangles for its faces,,/?;. 20. 

leosadqdecahedron, a solid, having twelve regular pentagonal 
faces, and twenty equilateral triangular faces, Jig. 31. 

Exicosahedron, a solid, having twelve regular pentagonal 
faces, and twenty regular hexagonal faces, Jig. 22. 



♦ There is a similar difficulty in defining this solid as in the case of 
the trapezohedron ; on account of the variety of solids capable of being 
constructed siit,ia? Uugy equal and similar trapesoidal faces. 



BIFlNTf IOllS. 3 

Rhombohrdron or Rhomboid a soft! bounded by rfx 
rhombic faces, 

8calknb Dodecahedron, a solid, beaded by twelve 
equal and similar scalene triangular face, fig 81* 

Bipyramidal Dodecahedron, a solid, bounded by 
twelve equal and similar isosceles triangles, forming two hexa- 
gonal pyramids joined base to base, fig. 83. '. 

Triangular Dodecahedron, a solid, bounded by twelve 
isosceles . triangles, forming four triangular pyramids one on 
each face of a tetrahedron, yfy* 78, . > 

Trapezoidal Dodecahedron, a solid, bounded by twelve 
equal and similar trapezoidal faces grouped together in threes , 
one set on each face of a contained tetrahedron, fig* 79 and 8Q« 

Pentagonal Dododecahedron, a solid, bounded by 
twelve equal and similar pentagons, each of which have four of 
their sides either greater or less than the fifth side'; the faces are 
grouped together in pairs, each pair being united by the fifth 
side, fig. 76 and 77. 

A Prism is a solid, whose two ends are similar and equal 
polygons, and parallel to each other ; and whose sides connect- 
ing those ends or bases are parallelograms. 

A Pyramid is a solid, having a polygon for its base, and hav- 
ing its sides triangles, whose vertices all meet in the same point, ' 
which point is the vertex -of the pyramid. 

There may be an indefinite variety of prisms and pyramids, 
distinguished from each other by the number of sides that 
bound their respective bases ; as triangular pyramids or prisms, 
quadrangular, &c. 

A Parallelepiped is a quadrangular prism, whose opposite 
sides are all parallel. 

A 2 



4 uttUiMm> 

A &r*wu*M,hwf^±mttmkThme 9 th*mmmm$ pert 
of its snperfices being one oontmaed cmrred suriac* tannteftling 
in a pointer tammk; from which point or aunout, straight Hftes 
maybe drawn on the awed snria^toany poinfcia theesAmaity 
of the base. 

A CYUvpmm is a sol)*}, having two eqnal carculex feces o» 
ends opposite and parallel united' bj a curbed snrface, which, 
snrffcee is so famed thai straight Uae* nay be dnum ok it 
from any pointhx the extremity of one- base to the correspond- 
ing point, in the extremity of the other base. 

A SfrSBBS is a solid* hating one contained owed snvfaee, 
every pointed which is equally distant from a point hi the mid- 
dle of the solid, which is its centre. 



AnAxp is aline, passing through the centre, of a solid; 
drawn from, any angular point that is formed by the meeting of 
equal plane angles to the opposite angle or face., 

A DifigoTialu a line drawn oq one of tfye faces, from 9ne 
angular point to the opposite angular point. 

The Altitude of a solid is a, perpendicular, drawn from the 
eentreof the fapeof asolid ^ran^ting in^e oppjo^an^p,or 
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THE TETRAHEDRON. 



Thu solid has Four facet, 

Four angular extremities, 

Six edges* » 

Twelveiphae angles, and 
Four axes. 

All it* faces are equal, all its solid angles are equal, all its 
edges are equal, all its plane angles are equal, and all its axes 
are equal. 

The mutual tariifMtktt tit Its force* 1s 70°St'«*4* f%% 
inclination of its edges ton ks faces is **• ti'tffi The inclina- 
tion of its faces to its axis ia 10° 2ff 10"f The tndioatkm of 
its edges to its axis is 35 9 l& M* $. The inclination of the axes 
to each other is 109° &8'16"£, and its plane angles are 60°. 



i*he tetraSiedr<m may be considered as the most simple of 
fee rfeguWr sdttflfr, <m arcotiirtof^ts !iaVftgfh^?e^tmrfrt^r df 
*fie*. In «rfher resets, howeve*, it ts net the most siaplk 

It differs from ^very other solid, whose face* are ell equal* 
by having * solid angle opposite to each face. It is the most 
simple and most remarkable of pyramids, having as many bases 
as it has planes, and on whichever of these it is placed, it is a 
similarly formed pyramid, ft contains the least solidity under 
a given surface of any of the natural or artificial folitl*. 

If tiie edge A *? (% »)'rf atetahetitoii 4te msected m eand 
a plane pass through the ipoint of bisection parallel to one df its 
faces ABD, this f«ce of the section will be equal to the equila- 
teral triangle c $ a, and the part cut off will be a regular tetra- 
hedron acsC: and if the other angular extremities A , B 9 and D, 
be removed in Che same manner, four similar tetrahedrons will 
be obtained, and the remaining part of the ofi^flal tetraWdrdn, 

A3 



THE TETRAHEDRON. 

be an octahedron, which octahedron will be equal to the 
four tetrahedrons cut off, and consequently the volume of the 
octahedron will be to the volume of the original tetrahedron, 
which may be called the enveloping tetrahedron, as 1 : 2 
t Were the plane to pass through c f. {fig. 25,) and cut the solid 
parallel to the edge € D, the face of the section will be the 
square c bft 9 and the 'solid will be divided into two equal 
parts. This section may be made in three different directions, 
and it has the peculiar property of cutting every face of the 
solid at the same time, in an equal and similar manner. All 

m 

sections parallel to this section will be rectangles. 

If a line c b (fig* $1.) be drawn through the centre n of the face 
of a tetrahedron, parallel to one of the edges A B, and a plane 
pass through this line, cutting the solid parallel to the opposite 
edge D C, and the same be done in every possible direction, 
there will result six planes, one for each edge, which, by their 
mutual intersection, will form a cube in the middle of the tetra- 
hedron, and they will cut the edges of the tetrahedron into three 
equal parts* The alternate angular extremities of the cube will 
terminate in the centres of the faces of the tetrahedron, and its 
diagonals will be equal to the distance of the centres n e from 
each other : the inscribed cube will be to its circumscribing tetra- 
hedron as 1 : 9. 

If a line a b(fig* 37) be drawn through the centre n parallel 
to the edge B A, and a plane pass through it, cutting the solid 
at right angles to its opposite edge D C, and the same be "done 
in every possible direction, the result will be twelve planes, three 
for each face of the tetrahedron, which by their mutual inter- 
sections, will form a rhomboidal dodecahedron in the middle of 
the tetrahedron, its alternate obtuse angular extremities will 
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terminate in the centres of the faces of the tetrahedron, and ha 
volume will be the volume of the circumscribing tetrahedron 
as 2 : 9. 

Hence if a ljne be drawn through the centre of the face of a 
tetrahedron parallel to one of its edges, and a plane pass through 
it, cutting the solid at right angles to the edge opposite, it will 
coincide with the face of the inscribed rhoniboidal dodecahe- 
dron. But if it cut the solid parallel to the last-mentioned edge, 
it will coincide with the face of the inscribed cube. 

If a lino g f, (fig. 43) be drawn through^the centre n of the 
face ABC, of a tetrahedron parallel to one of the edges B C 9 
and a plane pass through this line cutting the solid at right angles 
to the face fi D C, adjoining that edge, and this be done in 
every possible direction, there will result twelve planes, two for 
each edge/ or three for each face : these planes will cut off B g 
and Cf equal to £, and B d and c e equal to \ of the edge of the 
tetrahedron, and will by their mutual intersection, form one 
half of the faces of the inscribed trapezohedron, which faces 
bound that set of its alternate obtuse angular extremities, which 
terminate in the centre of the faces of the circumscribed tetra- 
hedron. The remaining set of obtuse angular extremities of the 
inscribed trapezohcdren, will each be opposed to one of the 
angular extremities, of the circumscribed tetrahedron ; and the 
faces of the trapezohedron bounding these last -mentioned obtuse 
angular extremities, may be formed by planes intercepting the 

7 

angular extremities of the tetrahedron, in the following manner : 
make At a equal to i A C, and C 6 and C c equal to -$ of 
the edge of the tetrahedron, if a plane pass through these three 
points, it will be at right angles to the face B D C t and will inter- 
cept one of the faces of the inscribed trapezohedron. If this be 

A 4 
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done 10 enwy rpagnMa TOMettan, there w^ rc%tfk Iff elvfe fAantn, 
three for each angular extfcemity of the tetrahedron, theae 
twelve with the twelve first mentioned, will make together 
twenty-four ; which by their mutual intersection will form a 
trapezohedron in the middle of the tetrahedron, whose alternate 
obtuse angular extremities will terminate in the centres of ttw 
faces of the circumscribed tetrahedron, their solidities will be to 
efcch other as 0:27. 

lines drawn from the angular extremities of a letnAedron to 
its centre, will meet at angles equal to the obtuse plane angles of 
a rhomboidal dodecahedron, dividing the tetrahedron into four 
triangular pyramids. 

The altitude of the contained cube is to the perpen- 
dicular ae(Jig. 30) of the tetrahedron or the axis of the 
contained octahedron as • • ••••»•• 1 1 8 

The altitude of die contained octahedron is to the 
altitude of the tetrahedron as 1*2 

The altitude of the inscribed rhomboidal dodecahe- 
dron isto the edge of the tetrahedron as . ■. . .1*9 

The altitude of the inscribed trapeiohedron is to 
the perpendicular on the face of the tetrahedron as 
4 : 9 or 2* : 3* 

The volume of the inscribed cube is to the volume 
ef the tetrahedron *s 1 : 9. or . ; . . . . . 1 : 3* 

The volume of the contained octahedron is to the 
volume of the tetrahedron as 1-2 

The volume of the inscribed rhomboidal dodecahe- 
dron is to the volume of die tetrahedron as 2 : 9 or . 2*8* 

The volume of die inscribed Irapeisohe dr on is to the 
volume of the tetrahedron as 8 : 27 or 2 s I 3 9 

If a cube, an octahedron, a rhomboidal dodecahe- 
dron or a trapezohedron, have a tetrahedron contain* 
ed or inscribed in each of them, and another tetrahe- 
dron enveloping or circumscribing either of them, the 
contained tetrahedron is to the enveloping tetrahe- 
ftdn l nitlHIiefiM*«ttfeaft1:f7or ..... lCS* 



THE HEXAHEDRON o* CUBE. 



This solid has Six faces, 

Eight angular extremities, 

Twelve edge?, 

twenty-four plane angles; and 

Four axes* 
All its (aces are equal, all its solid angles are equal, til its) 

edges are equal, all its plane aflgle* are equal, and all its 

axes are equal. 

'the inclhiafloh of its faces t6 each Other, the focfoatidn 6f 
the edges to eadh other, and the faclin'atidn of the edges on 
the laces are all equal, Wing all right angles'; this equality is 
not to he met with in any other solid. 

'the inclination of its faces to its axis is 30° 1 5' 5 I** . The 
inclination of its edges to its axis is 54° 44' 8fy. The inclina- 
tions the axes to each other are 169 6 28' te"J and iff* 31' 4&"J. 

it is the most simple of parallelepipeds* feavhig its three di- 
mensions, length, breadth and altitude -equal. It is the most re- 
markable of prisms as the tetrahedron hx>f pyramids, having as 
many bases as R has faces* and en whiehem face it is placed it 
is a similarly formed prism, and on account of the ease with 
which it can be manufactured* it is highly probable that it was 
the first solid ever made by art. 

The diagonal of the cube Coincides with the edges of two con- 
tained tetrahedrons, whose angular extremities mutually pro- 
trude through each others faces* (see Jig. 26) the parts of 

tfce Mrahedrdh cotasmon to both Is an eetakfedroto wheee aogu- 
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lar extremites terminate in the centre of the faces of the cube; 
the angular extremities of each tetrahedron, coinciding with 
the alternate angular extremities of the cube. 

If a cube be held by two of its opposite angular extremities 
as A B (fig. 3C*) between the thumb and finger, it will revolve 
with ease on those extremities* which extremities when held in 
that position may be called its summits* and the line uniting 
them is one of the axes of the cube: the remaining six may in 
that position be called the lateral extremities. On account of the 
uniformity of this solid* any of its extremities may become its 
summits. Upon inspecting the cube in this position, it will be 
found that three of its edges terminate in one of its [summits, and 
three in the other : the upper three mav be called its superior 
edges, and the lower three its inferior edges ; and the six which 
unite the extremities of these* the lateral edges. A line drawn 
from one of the summits to an opposite angular extremity on 
the same face as A F (fig. 36) or B E, is an oblique diagonal* 
and a line drawn uniting two opposite lateral extremities as 
E C, or G F, is an horizontal diagonal. 

If the lateral edges be bisected* (as in Jig. 84) and lines be drawn 
uniting the points of bisection* they will all be in the same 
plane; which plane will divide, the cube into two equal parts* and 
the face of the section will be a regular hexagon. This section 
similar to the one already described in the tetrahedron* cuts every 
face of the solid in an equal and similar manner. If lines be drawn 
uniting the points of bisection with the summits* they will coin- 
cide with the edges of a contained bipyramidal dodecahedron. 

If all the edges of a cube be bisected, and lines be drawn 
uniting each of the adjacent points of bisection, these lines will 
be parallel to the diagonals of the cube* and will marie: out the 
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extremities of the' contained eubootahedron, fig. M, wheee 
edges will coincide with those lines, and will be each equal to 
one half of a diagonal of the face of the cube : their volumes will 
be to each other as 5 • 0. 

If a plane pass through three diagonals of a cube as EC* 

ED, and U C {fig. 36,) it will cat off one third of the axis A B, 
and the face of the section will be an equilateral triangle, the 
volume of the triangular pyramid CDEA, is to the volume of 
the cube as 1 : 0. 

If the diagonals D B, D E and D H, (fig. 26) be drawn, 
and their extremities be united by the diagonals H B, B D, 
and D H, these six diagonals will coincide with the edges of the 
contained tetrahedron, and if the alternate angular extremities 
A, C, Fand G, be removed by four planes each passing through 
three diagonals, a tetrahedron will be developed, whose volume 
will be to the volume of the cube as 1 : 3. 

If all the diagonals of a cube be drawn, and each of its angu- 
lar extremities be removed by planes, each passing through three 
diagonals, there will be eight planes, one for each angular extre- 
mity of the cube, which by their mutual intersection will form 
an octahedron in the middle of the cube, as (fig. 32.) The angular 
extremities of the inscribed octahedron, will terminate in the 
centres of the faces of the circumscribed cube: the volume of 
the octahedron will be to that of the cube as 1 : 6. 

If all the edges of the cube be bisected, and planes pass 
through the points of bisection, parallel to the faces of the cube, 
they will divide the cube into eight small cubes. 

If two adjacent edges A D, D F t (fig. 38,) be bisected and a 
plane pass through the points of bisection, b and c, parallel to 
the edge D C, the face of the section will be a rectangle. If all 



the edges %o bfleoted» ten ^laifeu pusawfeougb 4ne points of hisbo* 

tfcimasinnliariitaite 

termed* dm fbt*to*«tig*, ftttehptaNfc by Ifaeir ofctusl interns* 

tion will from a rhomboidal dodecahedron, whone state aogtafash 

ettremkie* will ternmmte tithe Centres of the frees of the 

cube. These two solids will be to each other as 1 : 4* 

If one of the edges* 1> ^ {fig. 44,)of the cube, be bisected in 
o> and Jines be drawn from the point of bisection to two opposite 
angles A and C, and the diagonal A C be drawn* these three 
lines will hem the sane f ksaes wbish plane, will intercept one of 
the feces of the contained trapeeohedron. Each of the angular 
extremities of the cube may be intercepted by three sneh planes, 
making in all twentr~fbor, which by their mutual intersection, 
w31 form in the middle of the cube a trepeaobedron, whose 
acute angular extremities wiH terminate in the centres of the 
faces of the cube. The relation of the two solids to each other 
will be as 1 : 3. 

Lines drawn from the angular extremities of a cube termi- 
nating in its centre* will meet at angles* equal to the obtuse add 
acute plane angles, of the faces of a rhomboidal dodecahedron. 
These lines wiH divide die cube into six square pyramids, 
whos* vertices wiltonninate in the centre of the cube. If these 
pyramids beinvertod, and placed on the face of a cube of equal 
size with the one from which they were made* they wlH form a 
rhomboidal dodecahedron. 



»•»* n «. 



The altitude ot die contained tetrahedron is to 
the axis of tie <cu*e* as . . . . . . t . . 2:3 

The altitude of the contained octahedron, is 'to 4he 
axis of the cube as .1*3 
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The altitude of die contained rhomboidal dodeca- 
hedron, is to the diagonal of the cnbe as . . . 1 : 2 

The altitude of tjie con^ayied trap^zoJie^ftR is to 
the perpendicular A e fig. 36, on the diagonal F O 



2!3 



The volume of the contained tetrahedron is to the 
volume of the cnbe as . . . ...... 1:3 

The volume of the inscribed octahedron^ is to the 
volume of the cube as 1 : 6, or • 1 ; 2x3 

The volume of the Inscribed rhomboid al dodecahe- 
dron m to the volurae of the cube as 1 ; 4 or 1:2* 

The volume of the inscribed trapezohedron is to 
the volume of the cube, as 1:3 



V 



If a. ca be be contained in. a tetrahedron, an e*ftahefbon» a 
rhombeidal dodecahedron or a t^poaohediien, and each oi these* 
solids have another cube ■ enveloping them, the contained 
cube will be to the enveloping cube in relation to the inter- 
vening 

Tetrahedron, as 1 : 27, or 1 : 3* 

Octahedron, as 1:27, or . . . . • . • • 1:3 s 

Rhomhoidal Dodecahedron, as 1 : 8, or • . . 1:2' 

Trapezohedron, as 1 : 8, or 1 : 2 s 



r. < 
• i 
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THE OCTAHEDRON. 



> 



This solid has Eight faces, 

Six angular extremities, 
Twelve edges, 

Twenty-four plain angles, and 
Three axes. 

The faces are all equal equilateral triangles; all the angular 
extremities are equal ; all the edges are equal ; all the plane , 
angles are equal ; and all the axes are equal, ■ ' / ' 

The inclination of its faces to its axis is 35° 15 r 6l*|, - The, 
inclination of its edges on its axes is 45°. The inclination of the 
axes to each other is 90°. The inclination of the faces united bj 
its edges is 109° 28' 16*|. The motinatkm of the feces united 
by their angles is 70° 31'43"£. And the inclinations of the; 
edges to each other are 60° and 90°. 



The octahedron may be formed of two quadrangular; 
pyramids joined base to base, each of which pyramid is formed 
of four equilateral triangles. It has the property of being 
divisible in two other directions, into two similar pyramids* . 

It is remarkable on account of a number of its properties, 
being either the same as in the cube, or the converse of those in 

the cube. The number of edges in an octahedron, being equal to 
the number # of edges in a cube. The number of plane angles in 
each are equal. The inclination oT the faces on their axes are 
equal. And the number of faces in the one is equal to the 
n mber of solid angles in the other. 
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If the edge of an octahedron he bisected, and a plane pass 

through the point of bisection parallel to one of its faces, it will ' 

divide the octahedron into two equal parts ; and the face of the 

section will be a regular hexagon, but if the plane pass through 

the point of bisection at right angles to the axis farthest ( 

distant, it will pass through the edge that is bisected, 

and bisect- the axis, making the face of the section 

a square. This is the converse of what takes place in' 

the cube : for if one of the edges of a cube be bisected, 4 
and a plane pass through the point of bisection, and cut 
the solid at right angles to the farthest axis, it will bisect 

that axis, making the face of the section a regular hexagon : but 

if it pass through the point of bisection, and cut the cube' 

parallel to one of its faces, the face of the section will be a * 

square. - Hence, if an edge of either of the solids be bisected ; * 

the face of a section made by a plane passing through the point ' 

of bisection in one of the solids parallel to one of its faces, is * 

similar to the face of a section made by a plane passing through 

the point of bisection in the other solid, at right angles to the 

axis farthest distant from the point of bisection. In one case 

the face of the section is a square, and in the other a hexagon. : 

If the solid angles of one of these solids (either the cube 
or the octahedron) be intersected by planes passing through ' 
the centres of its faces at right angles to its axis, these ptoses' 
will by their mutual intersection form the other solid, and' 
the angular extremities of the inscribed solid will in either 
case terminate in the centres of the faces of the circumscribed 
solid. 

This transformation of one solid into the other will be better 
understood by attending to the connection subsisting between 
the excube, the cuboctahedron and the exoctahedron. If the 



1£ m* W*4H*9*«* 

ofi U* cpj» to* befog www* t*ww **m* « *» *** 

fi)p^;aMaJto*# ^re W val9j^sqli|ipa^€ft^ci*e^ 

aj|A bMtn^llMWm > * «■»* *»y ■ «aUawaw^ wilk luia^ 
skies, and afteawavd* regular hexagons ; a* which period the 
UH& becomes an. exoetahedeon, and tf placed o» one of its 
sqgaie facte, wit be evidently aa»oetphedro« with Ma solid 
aggie* SMnoKedt ok truncated* Shook! the solid be out salt 
dee|^iA,apMaAe>(Miiaoak)a tails hexagonal frees* they wifr 
asawae, a ftiajqplar laray, moxeasjpg m th» triangalap form 
tiH tta^tawm* fawfeat eqailaJeml triangles, when the soHd'wil 
bft M nrtaJafAmpi A| ain|Bar. panose* earned oa with the octa- 
hejbro*\ by Bamojnagth^ solid angles, will prodtooe a cube. 

K aft tha edges of a oube or aji octahedron be bisected, and 
pimp pa»a thiwngh the points e# bisection, cutting off the 
adiaaenfc solid: fapgle* at right angles to then? respective axes, 
ffep waV eaoktp eaa w eyteplinto a onboctahedron. Lines drawn 
faejfc tfie angular* extremities of an octahedron to its centre 
^B&nv$ei at light angles, and divide the solid into eight trian- 
gnjajh pyataifa, few of? wdrieh, applied to the feces of a tetra- 
lvdttfa^lttK^ equal faces with the octahedron, wB convert 
the tetrahedron into a cube. 

Vv* octahedron by- elongat i ng one of its axis, becomes 
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elongated ; but is still capable of being divided into two pyra- 
mids, whose common base will be a square ; and if one of its 
axes be shortened. It is still divisible into two square pyra- 
mids ; the first has, an acute the last has an obtuse aspect, they 
are both distinguished by the title of an octahedron whose 
pyramids have a square base, fig. 75 and 76. 

If three axes are changed, the octahedron is capable of being 
divided into two pyramids in three different directions, whose 
bases will be rhonibs in each direction; whence it derives the 
title of an octahedron, whose pyramids have a rhombic base, 
fig* 77. 

If the octahedron be so distorted that the common base of 
one set of pyramids is rectangular, it is called a rectangular 
octahedron (fig.1&.) but should the common base of the pyra- 
mids, be an oblique angled parallelogram ; it may be distin- 
guished by the name of an octahedron whose pyramids has 
a rhomboidal base, fig. 79. 

Each octahedron has its peculiar tetrahedron, by means of 
which the octahedron may be converted into a parallelopiped. 

If from the six edges, which terminate in the angular extre- 
mities of the face A C D,. {fig. 27.) viz. A E and A B, 
C B and C F, D F and D E be taken, A e, A f, C a, 
C b,D c and D d, equal to one third of the edge of the octahe- 
dron, efabcd will be in the same plane, which plane will 
intersect a face of the contained tetrahedron. If similar planes 
intersect the solid, parallel to the alternate faces AEB f BCF; 
and FED, they will by their mutual intersection, form a. 
tetrahedron, in the middle of the octahedron, whose angular 
extremities will terminate in the centres of the alternate faces 
of the octahedron. The length of the edge of the inscribed tetra- 
hedron will be equal to the distance of the centres of two 
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adjoining frees of the octahedron. Its volume it to (he Tohtme 
of the octahedron as 2 : 27. 

If from the four edges, terminating in the angular extremity 
A, (jig. *B) vi*. A B, A C, A 2>, and A E, there be taken A d, 
Ab,Ae and A unequal to two thirds of the edge of the octahe- 
dron, dben, will be in the same plane, which plane will 
intercept a face of the contained cube and pass through the 
centres of the faces of the . octahedron : if each solid angle of 
the octahedron be intercepted in a similar manner there will 
be six planes, which, by their mutual intersection will form a 
cube in the middle of the octahedron, whose angular extremi- 
ties will terminate in the centres of the faces of the octahedron. 
The inscribed cube is to the octahedron as 2 : 9. 

If from the four edges terminating in the extremities of the 
odgeJDC, (fig.Z9)viz.DA, CA, CSand DB, there betaken 
jpa, Cb, C d and JD e, equal to one third of the edge of the 
octahedron; and J>», andCc,equalto£ D2? andCF, abed 
t ft, will be in the same plane, and will coincide with the face of 
the contained rhomboids! dodecahedron: if each edge of the octa- 
hedron be affected by a similar plane, there will be twelve planes, 
which, by their mutual intersection, will form a rhomboids! 
dodecahedron in the middle of the octahedron, whose obtuse 
angular extremities will terminate in the centres of the faces 
of the octahedron. The two solids will be to each other as 4 : 9. 

If from JM and 2>C, (/ty. 46) there be taken D 6 and Da, 
equal to two thirds the edge of the«octahedron, and from D E 
and D F, there be taken Be and jDnequalto{D£and BF, 
bane will be in the same plane, which plane is perpendicular 
to B FE, and coincides with a face of the contained trapezo- 
hedron : the solid angle 2>, may be affected in a similar man* 
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ner by four such planes ; and if each solid angle be affected by 
four such planes, there will be altogether twenty-four planes, 
which, by their mutual intersection, will form a trapezohedron 
in the middle of the octahedron; and its obtuse angular ex- 
tremities will terminate in the centres of the faces of the oc- 
tahedron. They will be to each other as 16 : 97. 

The altitude of the inscribed tetrahedron is to the 
altitude of the octahedron as , • • 2:8 

The altitude of the inscribed cube is to the axis of 
the octahedron as • 1:3 

The altitude of the inscribed rhomboidal dodecahe- 
dron is to the edge of the octahedron as ••••2:3 

The altitude of the inscribed trapezohedron is to the 
perpendicular on the face of the octahedron as 8 : 9 or 2* : 3* 

The volume of the inscribed tetrahedron is to the 
octahedron as 2 : 27 or ; 2 : 3 s 

. The inscribed cube is to the octahedron as 2 : 9 or 2 : 3 
The inscribed rhomboidal dodecahedron is to the 
octahedron as 4 : 9 as .* . 2* : 3* 

The volume of the inscribed trapezohedron is to the 
octahedron as 16 : 27 or 2* : 3* 



p+ 



It an octahedron be contained in a' tetrahedron, a cube, a 
rhomboidal dodecahedron, or a trapezohedron, and another 
octahedron be circumscribed about each; the circumscribed 
octahedron, wiH be to the contained octahedron, in the case of 
the intervening 

Tetrahedron, as 1 : 27 or . . 1:3* 

Octahedron, as 1 : 27 or 1:3* 

Rhomboidal dodecahedron, as 8 : 27 or • . . 2 s : 9 s 
Trapezohedron! as 8 : 27 or . . . •' • . 2 s : 3* 

b 2 



20 



THE DODECAHEDRON. 



This solid has Twelve faces, 

Twenty angular extremities, 
Thirty edges, 
Sixty plane angles and 
Ten axes. 

* 

The faces are all equal regular pentagons : all its angola 
extremities are equal : all its angles are equal : and all its 
axes are equal. 

The inclination of its faces is lid 9 93' 54". The inclination 
of the edge on the face is J 21° 48 3". The inclination of the 
edge oh the axis is 69°,5'41"£. And the inclination of the face 

on the axis is 52° 87' 21"£. 

If the Platonic bodies be arranged according to the number 
of their faces, this will be the fourth agreeably to that order. 
The dodecahedron would appear to have derived its origin 
from an attempt to make a solid of regular pentagons after the 
discovery of the tetrahedron and cube ; the one being formed of 
equilateral triangles, and the other of squares. 

If a dodecahedron be held between the thumb and finger by 
two of its opposite angular extremities, it may revolve on them ; 
and the line uniting them will be one of its axes; three of its 
faces will meet together at one extremity, and three will meet at 
the other extremity of each of its axis : these three faces may be 
called the superior or the inferior, according as one or other 
set is uppermost The remaining six faces may be called its 
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lateral faces ; these may be distinguished, and one half may be 

called the inferior, and the other half (he superior lateral facet. 

If any two opposite edges in the same face, such as i k and C k 

(Jig. 56) be bisected in d and c, and a plane pass through the 
points of bisection, cutting the solid at right angles to its farthest 

axis EF; it will divide the solid into two equal parts, and the 
face of the section, will be the regular hexagon/ a be de. The 
dodecahedron having ten axes, there are consequently ten dif- 
ferent directions in which this section may be made. There are 
likewise twenty other ways, in which sections may be made in 
this solid, having regular hexagonal faces. 

If two adjoining edges t n and i k (Jig. 56) be bisected in g and 
d> and a plane pass through the points of bisection, cutting the 
solid parallel to the face A BC DE, it will divide it into two 
equal parts, and the face of the section will be a regular decagon 
g o a p d. 

If a diagonal a b 9 be drawn on the face a cbde, (fig. 58,) 
and a plane pass through it, cutting the solid at right angles to 
the nearest axis c t, it will pass through the diagonals a O and 
O b, and the face of the section will be an equilateral triangle. 
If it pass through the diagonal a b, parallel to the edge c G, it 
will likewise pass through the diagonals a F,FA and A b, and 
the face of the section will be a square, which will be a face of 
a contained cube. If it pass through the diagonal a b at right 
angles to the axis O P, it will pass through aE, En, nl, IB 
and B b, the face of the section will be a hexagon with unequal 
sides. If the plane pass through a b, and cut the solid parallel 
to the face P qedo, the face of the section will be a regular 
pentagon. 

Hence the faces of the faction, or the interior planes of (his 
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solid will oonsist of equilateral triangles, squares, pentagons, 
hexagons, decagons, and rectangles, some of these planes will 
form a variety of solids by their intersection in the interior of 
the dodecahedron. 

The pentagonal planes, by their mutual intersections, will 
form a small dodecahedron in the middle of the solid ; whose 
faces will be parallel to the faces of the exterior dodecahedron. 

Six square planes may be taken, in such a manner, as not to 
intersect each other in the interior of the solid, but only in its 
surface ; these will form, by their mutual intersection, a cube, 
whose edges will be visible in the surface of the dodecahedron^ 
If the square planes be taken in every possible direction, they 
will, by their mutual intersections, form five cubes, whose an- 
gular extremities will all terminate in the angular extremities 
of the dodecahedron ; as each cube has two tetrahedrons 
within it, therefore, the dodecahedron has ten tetrahedrons 
mutually intersecting each other, whose angular extremities 
«ko terminate in the angular extremities of the dodecahedron ; 
their faces will be in a direction parallel to the triangular sec- 
tions. The cubes will form, by their mutual intersection, a 
triacontahedron in the middle of the dodecahedron. 

Hence, if all the edges of a dodecahedron be bisected, and 
planes pass through the points of bisection in a direction 
parallel to the triangular sections ; they will by their mutual 
intersection, form five octahedrons, whose angular extremities 
will terminate in the points of bisection. 



THE ICOSAHEDRON. 



This solid has Twenty faces, 

Twelve angular extremities, 
Thirty edges, 
Sixty plane angles, and 
Twelve axes. 

The faces are equal, the solid angles are equal, the edges are 
equal, the plane angles are equal, and the axes are equal. 

The mutual inclination of its faces is 138° 11' 23\ The 
inclination of the face on the edge is 110° 54' 18*J. The in* 
clination of an edge on the axis adjoining is 68° 16' 57*, and the 
inclination of a face on the adjoining axis is 52° 39* 21*|» 



This solid is the last of the Platonic bodies ; and it is highly 
probable that it was the last discovered after it was known that 
more than one solid could be made equilateral triangles, by the 
discovery of the octahedron. 

If an icosahedron be held between the thumb and finger by 
two of its opposite angular extremities it may revolve upon them* 
and the line uniting these extremities, will be one of its axes. 
Five of its faces will meet together at one extremity of the axis, 
and five will meet at the other extremity of the axis ; these faces 
may be called the superior or inferior faces, according as one 
or the other is uppermost; and (he remaining ten faces, 
which do not come in contact with the axis, may be called the 
lateral faces ; fire of which may be called the superior, and 
five the inferior. 
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The icosahedron and dodecahedron hare a similar relation 
to each other that the cube and octahedron have. For the 
number of their edges are equal, the number of their plane 
angles are equal, and (he inclination of their faces on their 
axes are equal ; this is the case with the lateral faces, as well 
as with those which are in contact with the axis: and likewise 
he number of angular extremities in the one, is equal to the 
number of faces in the other. 

If all the solid angles of a dodecahedron be truncated by 
planes at right angles to its axis, to such a degree that the 
pentagonal faces become regular decagons, an exdodecahedron 
(Jig. 20) will be formed, of regular decagons and equilateral 
triangles* If this removal take place still deeper in the same 
direction, so that the extremities of the triangles touch each 
other, the solid will then assume the form of. the icosadodeca- 
hedr on (jig. 21), which is bounded by equilateral triangles and 
entagons. Should it be cut still deeper in the direction pa- 
rallel to its triangular faces, the triangular faces will intersect 
each other/ losing their angular extremities ; they will then be 
hexagons with unequal sides, and afterwards perfect hexagons ; 

when the solid will assume the form of the exicosohedron, 
(Jig. 22). If this process be continued they will again become 
hexagons with unequal sides, but in the contrary direction to 
what they formerly were, and at last perfect triangles ; when the 
pentagonal faces v will disappear, and the solid will become an 
icosahedron. The solid angles of an icosahedron removed in 
a similar manner at right angles to its axis, would go through 
a similar process, till it became a dodecahedron. 
The transition of the dodecahedron into the icosahedron is 
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very similar to die transition of the cube into the octahedron; 
the principal difference is, that there are pentagons instead of 
squares, and decagons instead of octagons, for fig. 14 is bounded 
by octagons and triangles, and fig .20 by decagons and triangles, 
fig. 15 is bounded by squares and triangles, and fig. 21 by 
pentagons and triangles, fig. 16 is bounded by hexagons and 
squares, and fig. 22 by hexagons and pentagons. 

If two adjacent edges uF and ud, (fig. 57) be bisected in a and 
b, and a plane pass through the points of bisection, cutting the 
solid at right angles to the axis A B, farthest distant, it will 
divide the solid into two equal parts, and the face of the section 
will be a regular decagon a b s vp; but if it cut the solid at 
right angles to its nearest axis u d, the face of the section will 
be a regular pentagon a b g n e. 

Planes passing through the centre of the faces of an icosahe- 
dron at right angles to its axis, form by their mutual intersec- 
tion, a dodecahedron in the middle of the solid, whose angular 
extremities terminate in the centres of the face of the icosahedron. 

If one of the edges of either of the solids be bisected, and 
through the points of bisection, a plane cut the solid at right 
angles to the axis, terminating in that edge, and should the 
remaining solid angles of both the icosahedron and dodecahe- 
dron be removed in a similar manner ; each of the solids would 
be converted into anicosadodecahedron ; (fig. 21,) havingtwelve 
regular pentagonal faces, and twenty equilateral triangular faces. 

The above five solids are called the regular bodies, and 
likewise the Platonic bodies, because Plato was the first who 
treated of them ; however, it is said that they were invented or 
constructed, above 200 years before his time by Pythagoras. 

They are the only solids that can be made having equilateral 
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and equiangular faces, without having at the tame time re-enter- 
ing angles.— <&e the Demon$traHon$. 

If re-entering angles be admitted, another regular dodecahe- 
dron and octahedron may be formed, which will precisely 

answer the definitions in every other respect, and on account of 
their having re-entering angles, one may be called a re-dodeca- 
hedron and the. other a re-octahedron to distinguish them from 
the rest These solids are made by placing pyramids on each 
face of the ordinary dodecahedron and octahedron of such an 
altitude, that the sides of the pyramids, may be in the same 
plane wtth the faces of the solid, adjacent to that face on which 
the pyramid stands. Thus the re-octahedron is formed by 
placing a tetrahedron on each face of the octahedron, as (fig, 6,) 
and the re-dodecahedron (Jig* 24 ) is formed by placing a penta- 
gonal pyramid on each face of the dodecahedron* — See the 



Four of the Platonic bodies, viz. the cube, the octahedron, 
the dodecahedron and the icosahedron, are remarkable on 
account of the last two having similar properties subsisting 
between them, that the first two have. On account of the great 
importance of these properties, and the remarkable conclusion 
to be drawn from them, they will be recapitulated. In the first 
nine cases about to be enumerated, the same words being equally 
applicable, to the properties subsisting between the cube and 
octahedron, as subsists between the dodecahedron and 
icosahedron, they are not repeated. But (he two last, on 
account of the necessity of introducing the names of the solids' 
were obliged to be repeated, and for the sake of comparison are 
placed in parallel columns; the properties themselves may be 
called parallel properties subsisting betwee? the cube and 
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octahedron on one side and fke icosahedron and dodecahe- 
dron on the other. 

1. The number of plane angles in one solid is equal to the 
number of plane angles in the other. 

2. The number of edges in one solid is equal to the number 
of edges in the other. 

9. The number of angular extremities in one solid is equal 
to the number of faces in the other. 

4. If either of the solids have their angular extremities 
removed by planes, passing through the centre of its faces, at 
right angles to the adjoining axis, these planes, by their mutual 
intersection, will form the other solid. 

5. If either of the solids have their edges removed by planes 
parallel to those edges passing through the centres of the adjoining 
faces, these planes, by their mutual intersection, will form a 
similar solid in both oases, whose faces will be equal and 
similar rhombs. 

6. The inclination of the corresponding faces of either of the 
solids on their respective axes is equal. 

7. If lines be drawn from the angular extremities of either of 
the solids to its centre, it will divide it into as many pyramids as 
the solid has faces ; and if the two solids can be inscribed in the 
same sphere, or if their axes be equal, the altitudes of the two 
kinds of pyramids will likewise be equal. 

8. If the two solids can be inscribed in the same sphere, or 
if their axes be equal, the faces of both of them may be inscribed 
in the same circle. 

9. If the edges of either of the solids be bisected, and 
through the points of bisection planes cut the solid at right 
angles to their adjacent axis, they will each be converted, into 
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m solid, compounded of the two solids, haying two sets of faces ; 
one set of faces will be equal in number, and similar in shape 
to the faces of one of the solids ; and the other set of faces will 
be equal in number, and similar in shape to the faces of the other 
solid. 



10. If either of the solids 
hare two adjacent edges bisect- 
ed, and a plane pass through 
the points of bisection and cat 
the cube at right angles to its 
farthest axis, and the octahe- 
dron parallel to one of its faces, 
the face of the section will be 
the same in both cases. 



10. If either of the solids 
hare two adjacent edges, bisect- 
ed, and a plane pass through 
the points of bisection and cut 
the icosahedron at right angles 
to its farthest axis, and the 
dodecahedron parallel to one of 
its faces, the face of the section 
will be the same in both cases 



11. If each face of the octa- 
hedron have a pyramid placed 
upon it, whose sides are in the 
same plane with the adjacent 
faces of the octahedron ; their 
summits will be at equal dis- 
tances, and lines drawn con- 
necting these summits would 
form a cube. 



11. If each face of a dodeca- 
hedron have a pyramid placed 
upon it, whose sides are in the 
same plane with the adjacent 
faces of the dodecahedron; 
their summits will be at equal 
distances, and lines drawn con- 
necting these summits would 
form an icosahedron. 



The above parallel properties of these four solids, shew that 
the dodecahedron and the icosahedron, not only form part 
of a continued series with the cube and octahedron under the 
title of Platonic bodies, but that they occupy a parallel position 
in a[distinct series of solids, and from the two last comparisons \ 
it would appear that the icosahedron answers *o the cube, 
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and the dodecahedron to the octahedron : bat more will be 
said on this subject when the observations on the series, 
beginning with the tetrahedron are concluded. 

From what has been said respecting the tetrahedron, the 
cube and the octahedron, it most appear that there is an inti- 
mate relation subsisting between them and the rhomboidal 
dodecahedron and trapezohedron ; and from what will be said 
of the two last, it will be manifest that these five solids form 
a distinct series. 



THE RHOMBOIDAL DODECAHEDRON. 



This solid has Twelve faces, 

Fourteen angular extremities, 
Twenty four edge/, 
Forty eight plane angles, and 
Seven axes. 

Its faces are all equal and similar. It has two varieties of 
solid angles, six acute, and eight obtuse. All its edges are equal, 
it has two varieties of plane angles, twenty four acute, and 
twenty four obtuse. It has two variety of axes, three long and 
four short 

The mutual inclination of those faces united by their edges is 
120°. The inclination of those faces united by their acute 
angles is 96°. The inclination of its faces with its edges termi- 
nating in the obtuse angles of the face, is 125° 15' 51"$. The 
inclinations of those edges to each other, which terminate in the 
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acute angular extremities, are 100° W ltf^ and 70° »1' 4S"£. 
Its plane angles a»e 109° 18' OT£ and70°31 4S"i. 

The long diagonal is to the short as V2 : 1. The short 
diagonal is to the edge is 2 : \/3 The longest axis, the shortest 
axis, the altitude which is the longest diagonal, and the short- 
est diagonal; are to each other as 2, V3, V2, 1 and £>/9, or 
*/4, </3, V2, «/l f and Vi- 

The inclination of its faces with the shortest axis is 
54° 44' 8"|. The inclination of its edges with the longest axis, is 
54° 44' 8'\. The inclination of its faces with the longest axis, is 
45°. The inclination of its edges with the shortest axis, is 
70 °31' 43*i. 



The edges bounding the acute solid angles of a rhomboidal 
dodecahedron hare this remarkable property, that the inclination 
of those adjoining each other, are the supplements of those that 
cross the solid angle ; consequently, the inclination of the edges 
that cross the acute solid angles, is equal to the obtuse angles 
of the faces, and equal to the inclination of the edges of the ob- 
tuse solid angle. In the obtuse solid angle, the inclination of the 
edge on the face, is equal to half the acute plane angle and a 
right angle. 

The rhomboidal dodecahedron, may be considered as ge- 
nerated, by the intersection of the edges of four hexagonal 
prisms, or the intersection of the sides of three square prisms* 
The axes of the hexagonal prisms will coincide with the shortest 
axes, and the axes of the square prisms, will coincide with the 
longest axes. 

A rhomboidal dodecahedron may be formed of an octahe- 
dron, by applying eight triangular pyramids, such as has been 
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described, (page 8) formed from a tetrahedron, whose faces are 
equal to the faoes of the octahedron ; consequently a rhomboi- 
dal dodecahedron is equal to an octahedron and two tetrahe- 
drons, whose edges are each equal to the long diagonals of 
the rhomboidal dodecahedron. 
The long diagonals of the faces concido with the edges of a 

» 

contained octahedron ; and its acute angular extremities, with the 
angular extremities of the octahedron. 

The short diagonals of the faces concide with the edges of a 
contained cube ; And its obtuse angular extremities coincide with 
the angular extremities of the cube. 

The angular extremities of die contained octahedron and cube, 
mutually protrude through each others faces, as in fig 70, and 
their edges mutually bisect each other ; the angular extremities 
of the octahedron, forming square pyramids ; and die angular 
extremities of the cube forming triangular pyramids. 

If the angular extremities of the octahedron be united to the 

angular extremities of the cube by lines, these lines will form 

the edges of an enveloping rhomboidal dodecahedron ; and the 
edges of the qctahedron and cube will be the diagoijals of its 

faces* The volume of the octahedron is to that of the cube as 

4 : 3. The protruded part of the octahedron is to the protruded 

part of the cube as 3 : 1 ; and one of the square pyramids is 
to one of the triangular pyramids as 4 : 1. 

If an octahedron and a cube be taken of such proportion, 
that the edges of the octahedron be equal to the diagonals of 
the cube, or the edges of the cube be equal to half the axis of 
the octahedron ; and the edges of the two solids be bisected, and 
lines be drawn on the faces of the solids, connecting the adja- 
cent points of bisection, these lines will mark off the solid angles 



32 THE RHOMBOIDAL DODECAHEDRON, 

in each solid, forming the two kinds of pyramids above men- 
tioned. The surface of the octahedron will be divided by these 
lines into triangles, so that its angular extremities will have the 
appearance of qnadrangolarpyraminds, with a triangular space on 
each face connecting them : and the extremities of the cube, will 
have the appearance of triangular pyramids, with a square 
space on each face connecting them. The bases of the pyramids 
of one solid will exactly fill the spaces marked out on the 
faces of the other; and if the pyramids be removed from one 
solid and placed on the spaces of the other, they will form an 
exact representation, of the cube and octahedron intersecting 
each other in a rhomboidal dodecahedron (fig. 70.) 

If a plane pass through one of the long diagonals of a rhom- 
boidal dodecahedron, cutting the solid at right angles to the 
face, it will divide it into two equal parts, and die face of the 
section will be a square; this section will cut the contained tetra- 
hedron, cube, and octahedron, into two equal parts ; and the 
faces of all the sections will be squares. 

If through the point, formed by the intersection of the short 
and long diagonals of the face of a rhomboidal dodecahedron, 
a line be drawn perpendicular to one of the edges of that face ; 
and through this line a plane cut the solid at right angles to the 
face, it will divide the solid into two equal parts ; and the face 
of the section will be a regular hexagon : this section will also 
cut the contained cube and octahedron into two equal parts » 
and the faces of their sections will be regular hexagons : the face 
of the section of the two tetrahedrons in the cube will be a six 
pointed star, formed by the intersection of two equilateral 
triangles. 

Sections may be made in six different directions, having 
regular octagonal faces. 
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A plane passing through one of the long diagonals at right 
angles to the longest axis, bisects that axis, bat if it pass through 
the obtuse angular extremities, at right angles to the same axis, 
it will cut off one- fourth, 

A plane, passing through the centre of the face of a rhom- 
boidal dodecahedron, and cutting the solid at right angles to the 
most distant short axis, bisects that axis: but passing 
through an obtuse angular extremity, at right angles to the 
same axis, it cuts off one third, and passing through an acute an- 
gular extremity, at right angles to the same axis, it cuts off one 
sixth. 

If three planes pass through one of the obtuse angular 
extremities of a rhomboidal dodecahedron, one at right angles 
to each of the edges terminating in that extremity ; these three 
planes will, at the same time, pass through the three alternate 
angular extremities ; if a fourth plane pass through those 
three alternate angular extremities, the four planes will by 
their mutual intersections form a tetrahedron, in the middle 
of the solid. Each of the planes will affect the rhomboidal 
dodecahedron in a similar manner as the plane C e A g B d § 
{fig*Z$)> which passes through the obtuse angular extremity 
C at right angles to C D, cutting one third from three of the 
edges of the rhomboidal dodecahedron, as Eg which is equal 
to one third of E F. The volume of the rhomboidal dodeca- 
hedron is to its contained tetrahedron as 6 : 1. 

* 

If a plane pass through the short diagonal O C, (fig- 34), 
at right angles to the longest axis H N, it will likewise pass 
through three other short diogonals, G A, A B, and B C ; if 
this take place in every possible direction through the short 
diagonals, these planes will, by their mutual intersections, form 

c 
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an octahedron hi the middle of the solid t each of these planes 
trill cot of one bmHh from the axis to which (bey are at right 
angles. Their volumes will be to each other as 2 ? 1. 

If a plane pass through the long diagonals A Bfiy* 40, at 
right angles to the shortest axis D E $ it will pass through 
three other long diagonals, B C and C A ; if this be done at 
©very possible direction, these planes will, by their mutual 
intersection, form an octahedron ia 'the mfcjdle of the solid* 
The volumes of the two solids will be to each other as 2 : 3. ' 

Hence the volumes of ^hc rhomboidal dodecahedron, and 
of its contained octahedron, cube, and tetrahedron, will be 
to each other as the numbers 6, 4, 3, and 1« 

If the two edges FC and F BJig- 46, be bisected in d and 
o, and a plane pass through the points of bisection parallel to 
FA,k will bisect A H and A J, and out of A c equal to I AG. 
If this be done in every possible direction, there will be a 
plane for every edge, making twenty-four in all, which by their 
mutual intersection, will form a trapezohedron in the middle of 
the solid. The intermediary angles of the contained trapezohe- 
dron, wiU be in the centre of the faces of the rhomboidal dode- 
cahedron. The volume of one will be to the volume of the 
other as 9 : 16L 

The altitude of the contained tetrahedron is to the 
edge of the rhomboidal dodecahedron as 4 : 3 or . . 2 2 : 3 

The altitude of the contained cube is to the longest 
axis as 1:2 

The altitude of the contained octahedron is to the 
edge of the rhomboidal dodecahedron as 4 : 3 • . . 2* : 3 

The altitude of the inscribed trapezohedron is to the 
perpendicular on the face of the rhomboidal dodeca- 
hedron as i 3:2 



THE TRAFEZOHBDftOH* 35 

The volume of the contained tetrahedron ia to the 
rhomhoidal dodecahedron aa6:tor . . . .2x3:1 

The volume of the contained cube is to the rhom- 
boidal dodecahedron as 1:2 

The volume of the contained octahedron is to the 
rhomhoidal dodecahedron as •••2:3 

The volume of the inscribed trapezohedron is to the 
rhomhoidal dodecahedron as 9 : 16 or. 3* : 2* 

If a rhomhoidal dodecahedron be contained in a tetrahedron 
a cube, an octahedron, or a tetrahedron, and another rhomhoi- 
dal dodecahedron envelope each of these solids, the contained 
rhomboidal dodecahedron will be to the enveloping rhomhoidal 
dodecahedron, in relation to the intervening 

Tetrahedron as I : 27 or 1 t 3 s 

Cube as 1 : 8 or • . . • . 1 : 2 s 

Octahedron as 8 : 27 or . : 2 s : 3 s 

Trapezohedron as 27 : 64 or • . • . . . • 8 s : 2* 
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Has Twenty-four faces, 

Twenty-six angular extremities 

Forty-eight edges, 

Ninety-six plane angles, and 

Thirteen axes. 
Its faces are all equal and similar, it has three varieties of 

solid angles, eight obtuse, six acute, and twelve intermediary 
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It has two varieties of edges, twenty-four long and twenty-four 
short It has three varieties of plane angles, twenty-four obtuse, 
twenty-four acute, and forty-eight acute nearly approaching right 
angles. It has three varieties of axes, three long, six middle, and 
four short 

The inclination of the faces united by the shorter edges is 
146* 2& 33'. The inclinations of the faces united by the 
longest edges is 131° 48' 36". The inclination of the faces 
united by the acute plane angles is 109° 28' 16" -J. The in- 
clination of the faces united by the intermediary plane angles 
is 120°. The acute plane angles are 78 ° 27 46*. The obtuse 
plane angles are 117° 2' 8". The intermediary plane angles 
are 82° 15' 3'. The inclination of the faces on the longest 
axis is 54° 4 1' 8"£. The inclination of the faces on the middle 
axis is 60°. The inclination of the faces on the shortest 
axis is 70°31 / 43"|. The inclination of the longest edges 
crossing the acute solid angles is 126° 52'll"£. The inclination 
of the longest edges crossing the intermediary solid angles ja 
143° 7 / 48"|. The inclination of the shortest edges crossing 
the intermediary solid angles is 129° 31'16"£. The inclination of 
the longest edges on the longest axis is 63° : 26' : 5'|. — 
The inclination of the longest edges on the middle axis is 
71° 33' 54" J. The inclination of the shortest edge on the 
middle axis, is 64° 45' 38"£. The inclination of the shortest edge 
on the shortest axis is 80*38' 30". 

The longest diagonals of the face are to the shortest as 
4>/2 : 3>/3. 

The longest edge is to the shortest edge as 2>/5 : 11. 

The short diagonal is divided into two unequal parts by the 
long diagonal, the longest part of which is to the shortest part, 
as 2 • 1. The long diagonal is bisected by the short: the half 
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of the long diagonal will be to the greater part of the short as 
^/2 : n/3 ; and to the lesser part as 2V2 : V3. 

The longest axis, the middle axis, the shortest axis, and the 
altitude ot the trapezohedron, are to each other as 6> W2, 
»v/3 and 2>/6. 

If lines be drawn connecting the obtuse plane angles with 
the acute, as in fig. 47, they will be the short diagonals of the 
faces, and will coincide with the edge* of a contained rhomboi- 

dal dodecahedron : which solid may thereby be made visible 
in the surface of the trapezohedron. The volume of the one 
will be to that of the other as 3 : 4. 

If the equal and opposite angles be united together by lines, 
those lines will be the long diagonals, of the faces, and- will 
coincide with the edges of a contained cuboctahedron, and its 
angular extremities will, coincide with the intermediary angu* 
lar extremities of the trapezohedron. The volume of the one, 
will be to that of the other as 20 : 2?. 

The six acute angular extremities coincide with the. angular 
extremities of a contained octahedron penetrating as it were 
through the surface of the trapezohedron* Their volumes are 
to each other as 1 : 2. 

The eight obtuse angular extremities are the angular ex- 
tremities of a cube, penetrating as it were through the sur* 
face of the trapezohedron. Their volumes are to each other as 
3 : 8. 

The angular extremities of a cube taken alternately, coincide 
with the angular extremities of a contained tetrahedron, conse 
quently, the alternate obtuse angular extremities pf a trapezo- 
hedron will coincide with the angular extremities of a con- 
tained tetrahedron; the contained tetrahedron will be to 
the trapezohedron as 1 : 8. 
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Hie angular extremities of the two contained tetrahedron* 
intersecting each other in the contained cube, (which is the re- 
octahedron, (fig. 30) terminate in the obtuse angular extremities 
of the trapezohedron. The octahedron is to the trapesohe- 
dron as d : 16. 

The two contained tetrahedrons, bj their mutual intersec- 
tion, form a small or interior octahedron in the middle. This 
interior octahedron is to the trapezohedron as 1 : 16. 

The re-octahedron may be considered as the interior octa-> 
hedron, with a small tetrahedron on each of its faces, (see 
fig* 6.). One of these small tetrahedrons is to the trapezohedron 
as 1 1 64. 

The smaU tetrahedron, likewise, measures all the contained 
simple solids having equal faces. It was Just said that the 
trapezohedron was e<Jual trf 64 of them; the rhomboidal do- 
decahedron will be found equal to 48 ; the octahedron to 82; the 
cube to 24 ; and the tetrahedron to 8 : as 8 measures all the 
foregoing numbers ; therefore, the large tetrahedron measures 
all the before mentioned solids; likewise the cube is equal to 
half the rhomboidal dodecahedron ; and the octahedron is equal 
to half the trapezohedron. 

The trapezohedron and its contained simple solids, viz. ; the 
rhomboidal dodecahedron, the octahedron, the cube, and 
the tetrahedron, are as the number 8. 6. 4. 3. and 1. The cuboc- 
tahedron, in this case, would be equal to 5f4« 

There is a simplicity of relation between the contained 
solids and the trapezohedron that deserves to be noticed. The ( 
rhomboidal dodecahedron and cuboctahedron have their edges 
visible in its surface ; the rhomboidal dodecahedron has its 
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at right aagles to die middle axis; the e*fc#ct*» 
xt has one of its triangular fere*,, at right a*gfo*t* $* 
est axis, awl the square faces at right angles to4he longest 
The octahedron has three faces af the tsapssnhsdirs*, a| 
ri^t angles to each of its fi*es» Hie cabe has six foes af 
the trapezohedroB parallel to each of its axis* The teteahsr 
dvoD has six faces of the trapeaofyedrcsi parallel to each af da 



The rhomboids! dedecahedroiv and cutoctafcedron anteafy 
intersect each other, as fajfy.TO* The angular extremities of tb# 
one, proArading through the faces af the other ; the angular ex* 
trcmities of the cubectahedron forming rectangular pyramids^ 
one on each face of the rhomboids! dodecahedron* fh» 
angulwr extremities of the rhomboids! dodecahedron, forming 
square and triangular pyramids on the faces of the emboeta- 
hedron, a square pyramid od each square face, and a triangular 
pyramid on each triangular face : the extremities of. the bases 
of each of these last mentioned pyramids bisect the sides of 
the faces on Which they stand ;jand the extremities of the base* 
of the rectangular pyramids, trisect in reality the sides of the 
feces on whiclj they stand, because f they cut offooe third : conse- 
quently, the edges of the rhombeidal dodecahedron bisects 
the edges of the cuboctabedron ; and the edges of the cabocta- 
hedron. trisect the edges of the rhomboids! dodecahedron* 
When they are both contained in the same trapezohedron, as 
shore described, they are to each other as 00 : 81, or 
5X2* : 3*. 

The cuboctabedron has this remarkable circumstance attend- 
ing it, that one of its terms expressing its relation with any one 

C4 
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of the natural solids, in regard to their volumes, has constantly 
a five for one of its factors; and the other term has no greater 
factor than three* This will be the case, whether it be com- 
pared with any one of the natural solids contained in the same 
trapesohedron with itself, or whether it be compared with 
anyone ofthem, supposed to be inscribed in it, or with any one 
of them supposed to invelope it In each of these three 
cases, the greatest factor in one of the terms will be a five, and 
the other term will not have a greater factor than three, as will 
appear from the following statement of the three cases. 



First. — Of the relation of the Cuboctahedron with the Na- 
tural Solids when they are contained in the same Trapezohe- 
dron with itself 

Its relation to the rhomboids! * dodecahedron 
contained in the same trapezohedron with itself, 
is as 80 : 81 or 5 X 2* 

Its relation to the octahedron contained in the 
same trapezohedron is as 40 : 27 or • . . • 5 X 2 s 

Its relation to the cube contained in the same 
trapezohedron, is as 160 : 81 or .....6X2* 

Its relation to the tetrahedron contained in 
the same trapezohedron is as 160 : 27 or • . 6X2* 



3* 



3* 



a* 



** 



Secondly.— 0/ its relation with the Natural Solids when 

they are inscribed in it. 

The cuboctahedron is to its inscribe^ trapezo- 
hedron as . . : . • 5:2 

The cuboctahedron is to its inscribed rhop- 
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boidal dodecahedron as 10 : 3 or . . . . . 2X5:3 

The cuboctahedron is to its inscribed octahe- 
dron as ...: 5:1 

The cuboctahedron is to its inscribed cube as 

451 16 or • • 3*X5 : 2* 

The cuboctahedron is to Its inscribed tetrahe- 
dron as 135 : 16 or 3 3 *6 : 2* 



Lastly.— Of the relation of the Cuboctahedron to the Natural 

Solids when theg envelope it. 

Its volume is to its enveloping trapezohedron 

as 20 ; 27 or 2*X5I 3* 

It is to its circumscribing rhomboidal dode* 

dronas5:l2 or 5:3x2 s 

It is to its enveloping octahedron as 5 * 8 or • 5:2* 

Itis to its enveloping cube as 5 : 6 or • • . 5:2X3 

It is to its enveloping tetrahedron as 5 : 16 or • 5-2* 



In all these examples, it will be seen that one of the terms 
has a five for its factor, said the other term has no greater factor 
than three ; bat when the cuboctahedron is compared to ano- 
ther cuboctahedron, the Awes disappear; as for instance, if a 
cuboctahedron be contained in a tetrahedron, and another 
cuboctahedron be circumscribed about the same tetrahedron . 

9 

the two cuboctahedrons will be to each other as 1 : 27 or 
1 : 3 s ; where the fives disappear, and the greatest factor is 
three.: a similar effect takes place, if any one of the natural 
solids be substituted for the tetrahedron, the fives will dis- 
appear! and the greatest factor will be three. 
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The relation subsisting between ft* tumble natural solids, m 
respect to tbeir volumes* is equally remarkable for its sim~ 
pleity ; for in every instance the numbers expressing these 
relations sure rational, and their highest factors are never 
greater than three* 

Thn> simplicity accompames the relation between the re* 
markable lines in and .about the natural solids ; and though si 
number of those relations are expressed by surds, those sards 
are- simple, and except in one instance, among those given, 
they hare not a greater factor milder the vinculum than three* 

The acvte angular extremities of a trapezobedvon coincide 
with the angular extremities of the contained octahedron r 
•he obtuse angular extremities coincide with the angular ex- 
tremities of the contained cube ami the intermediary 'angular ex- 
tremities, with the angular extremities of a solid, that is inter- 
midiary between the octahedron and the cube. 

If a plane pass through one of the long diagonals of the tra- 
pezohedron, cutting the solid, at right angles to its face, it will 
divide it into two equal parts, and the face of the section wiB 
be a regular hexagon. This section will divide the contained 
rhomboidal dodecahedron, the euboctaliedron, the octahedron, 
the cube, and the re-octahedron, into two equal parts, and the 
faces of all their sections will be hexagonal ; the four first will be 
regular hexagons, and the last a star with six points ; this sec- 
tion will be at right angles to the shortest axis and will bisect 
that axis, it will likewise cut six of the small tetrahedrons in 
an equal and similar manner ; and the interior octahedron in 
the middle will be divided into two equal parts, the face of whose 
section will be the small hexagon, in the middle of fig. 73, and 
the faces of the sections of the small tetrahedrons,will be the cqui- 



THB TRAPEEOHBDEOK. 45 

l&leral triangles surrounding that small hexagon. The con- 
tained cube and octahedron in a trapezohedron, intersect each 
other in a similar maimer as in the rhomboidal dodecahedron, 
forming salient and re-entering angles; this section passing 
through the bottom of the re-entering angles, cuts none of the 
protruded parts of either of the solids ; the hexagon sur- 
rounding the small triangles, belongs equally to the cube and oc- 
tahedron. < The hexagon circumscribing this, is the section of the 
contained rhomboidal dodecahedron, as the outermost hexagon 
is the section of the contained cuboctahedron. in this section 
of the trapezohedron, no part of it is cut that is not common to 
some one of the contained solids, notwithstanding there is no 
part of its surface, with the exception of the diagonals, com- 
mon to any of them. 

If a plane pass through the longest edges of a trapezohedron, 
at right angles to its longeht axis, it will cut the solid into two 
equal parts, and likewise all the contained solids ; making the 

faces of the section of the contained solids, squares in every 
instance ; which section is represented, Jig* 74, where the sec- 
tion of the interior octahedron, and the ro-octahedron coincide 
and are represented by the small square in the middle ; in 
this section none of the small tetrahedrons are cut : the section 
of the cube is the square circumscribing the small one, and 
the section of the octahedron circumscribes that; and be- 
cause the section passes through the edges of the octahedron, 
and the edges of the octahedron coincide with the long 
diagonals of the rhomboidal dodecahedron, therefore this sec- 
tion cuts no part of the last mentioned solid that is not common 
to the octahedron*; the outer square is the section of the cub. 
octahedron, the four corners of the square are the sections of . 
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tbwr rectangular pyramids, protruding through the surface 
of the rhomboidal dodecahedron, fig. 71 : the extremi- 
ties of the large square are the sections of the square 
pyramids : this section passes through the perpendiculars 
drawn on the faces of the pyramids, which lines coincide 
with the edges of the contained octahedron. The octagon 
circumscribing these squares, is. the section of the trapezohe- 
dron ; the triangular spaces are the sections of those parts of 
the trapeaohedron, not common to any of the contained solids. 

A plane passing through the obtuse angular extremities, c de, 
of a trapezohedron, j£o% 20, coincides with the face of a con- 
tained tetrahedron, and bisects six of the longest edges of the 
trapezohedron as/ 6 in «• 

A plaue passing through the obtuse angular extremities 
m b c d, (fig. 35) coincide* with the faces of a contained cube ; 
this plane cuts off one fourth from four of the longest edges of 
the trapezohedron, as e r, which is one fourth, r #. 

A plane passing through the three acute angular extremities, 
m be, (fig.4\), coincides with the face of the contained octahe- 
dron, and cats off two fifths from three of the shortest edges of 
the trapezohedron, as r n which is two fifths r s. 

To make a model to represent fig* 71, take a rhomboidal 
dodecahedron, whose edges are equal to the short diagonals of 
a trapezohedron ; and a cuboctahedron, whose edges are equal 
to the long diagonals ; mark off one third from each edge of 
the rhomboidal dodecahedron, measuring from the obtuse an- 
gular extremities, and draw lines uniting the adjacent points of 
bisection ; these lines will be parallel to the diagonals of the 
faces: the obtuse angular extremities will become triangular 
pyramids, the acute angular extremities will become square 
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pyramids, and each face will have a rectangle described 

on it by these lines, each of which rectangles will be eq*al to 

the base of a rectangular pyramid ; their sides are to each other 

as 1 : v% the same as the two diagonals of the face on which 

they are drawn. The edges of the cuboctahedron must be all 

bisected, and lines must foe drawn connecting the adjacent points 

of bisection ; these lines will form a triangle on the middle of 

each triangular face, and a square in the middle of each 

square face: the angular extremities marked off by them will 

become rectangular pyramids, which pyramids, if they were 

removed, and placed on the rectangular spaces marked off on 

the faces of the rhomboidal dodecahedron, would convert 
it into an exact representation of Jig. 71, or if the triangular 

and square pyramids were removed, from the rhomboidal 

dodecahedron and placed on the triangular and square spaces, 

marked off on the faces of the cuboctahedron , they would 

produce exactly the same effect 

OF THE LONGEST AXIS. 

A plane passing through the acute solid angle at right angles 
to the longest axis, bisects that axis, if it pass through an ob- 
tuse solid angle at right angles to the same axis, it cuts off 
one fourth : if it pass through an intermediary solid angle at 
right angles to the same axis, it cuts off one sixth. 

OF THE SHORT WT AXIS. 

If a plane pass through one of the long diagonals of the 
face of a trapezohedron at right angles to the shortest axis 
farthest distant, it will bisect that axis ; if it pass through an 
obtuse angular extremity at right angles, to the same axis, it will 
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cut off one third; if it pass through an acute angular extremity 

at right angles, to the same axis, it will cut off one sixth : and 
through an intermediary angular extremity next above, at right 

angles to the same axis, it will cut off one eighteenth. 

OF THE MIDDLE AXIS* 

A plane passing through the short diagonal, at right angles to 
the middle axis farthest distant, bisects that axis ; if it pass 
through an intermediary solid angle, next above at right angles, 
to the same, axis, it cuts off one fourth : if it pass through an 
acute or an obtuse angular extremity, next above, at right an- 
gles to the same axis, it cuts off one eighth. 

The faces of the section made by a plane, bisecting the middle 
axis of a trapezohedron at right angles, are bounded by some 
remarkable lines in or about the face of the solid to which the 
section belongs ; the face of the section of the trapezohedron 
is bounded by four of the short sides and four of the short 
diagonals of its faces. The face of the section of the contained 
rhomboidal dodecahedron is bounded by four sides and two 
short diagonals of its faces. The face of the section of the 
contained octahedron is bounded by four perpendiculars of its 
faces. The face of the section of the contained cube is 
bounded by two edges and two diagonals of its faces : and the 
face of *he section of one of the contained tetrahedrons is 
bounded by one edge and two perpendiculars of its faces: 

If all the short diagonals of the faces of a trapezohedron be 
drawn, they will divide the surface of the solid into twelve 

• 

quadrangular pyramids ; one on each face of the contained 
rhomboidal dodecahedron. If lines be drawn from the angular 
extremities of the contained rhomboidal dodecahedron to its 
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cetttre, Hiey toll divide it into twelve qnadrangular pyramids, 
which will have an inverted position ; each of these inverted py- 
pyramids #iH be a twelfth pail of the contained rhomboid*! do- 
decahedron, and each of the irot mentioned pyramids will -be a 

twelfth part of the excess of the trapezohedron above the con-* 
tamed rhomboidal dodecahedron ; consequently, the relation 

between these two -solids nay he determined by the relation 

between these two pyramids: but the base of these pyramids 

being common to both, they will be to each other as their akt- 

tndes; therefore, the relation between the volume of the trape- 

xohedren, and its contained rhomboids** dodecahedron may be 

determined by the relation between the altitude of these two 

pyramids. — See demonstration*. 

The altitude of the contained tetrahedron is to the 
shortest axis of the trapezohedron as ..*, .2:3 

The. altitude of the contained cube is to the longest 
axis of the trapezohedron as ..,♦,„., i C 2 

The altitude of the contained octahedron, is fo the 
shortest axis of the trapezohedron as.,.«..2:3 

The altitude of the contained rhomboidal dodeca- 
hedron is to the middle axis of the trapezohedron as 
3 : 4 or. 3:2* 

The contained tetrahedron is to the trapezohedron 
as I ; 8 or 1:2* 

The contained cube is to the trapezohedron as 

3:8 or a' 2 * 

. The contained octahedron is to the trapezohedron 

as 1-2 

The contained rhombbidal dodecahedron is to the 
trapezohedron as 3 : 4 or . 3:2* 
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If a trapezohedron be contained in a tetrahedron, a cube, an 
octahedron, or a rhomboidal dodecahedron* and another tra- 
pezohedron envelope each of these solids; the contained tra- 
pezohedron will be to the enveloping trapezohedron in the 
case of the intervening 

Tetrahedron as 1 : 27 or ....1:3* 

Cnbe as 1 : 8 or 1:2* 

Octahedron as 8 : 27 or 2 s : 3 s 

Rhomboidal Dodecahedron as 27 : 64 or : • • 3 3 : 2* 



If the edges of the trapezohedron be removed in a direct 
manner, it will be converted into a solid, having twenty four 
rhombic faces grouped together so as to form eight very obtuse 
rhombohedrons in the surface of the new solid, and twenty 
four trapezoidal faces grouped together in such a manner so as 
to form stars with four points between the rhombohedrons. 
Hence the trapesohedron is the last simple solid in this series, 
or the last solid whose faces are all equal and similar. 

The farther consideration of the relations of the dodecahe- 
dron and the icosahedron, and the solids to be derived from 
them, will be resumed from page 29. 
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This solid may be formed from a dodecahedron or an icosahe- 
dron ; in a similar manner, as the rhomboidal dodecahedron 
was formed from the cube and octahedron. It has 

Thirty faces, 

Sixty edges, 

Thirty-two angular extremities, 

One hundred and twenty plane angles, and 

Sixteen axes. 
Its faces are all equal and similar rhombs. Its edges are all 
equal. The solid angles are of two varieties ; twelve acute, each 
of which is formed by the meeting of five acute plain angles ; 
and twenty obtuse, each of which is formed by the meeting of 
three obtuse plane angles. The plane angles are of two varieties, 
sixty obtuse and sixty acute. The axes are of two varieties, six 
long and ten short ; the extremities of each of the long axes 
terminate, in the two opposite acute angular extremities of the 
solid, and the extremities of the short axes terminate in its op- 
posite obtuse angular extremities. 

The inclination of the face united by its edges is 144°. 
The inclination of the faces with the edge crossing the obtuse 
solid angles is 148° 16 57". The inclination of the face with 
the opposite edge crossing the acute solid angle is 121° 43' 3*. 
The inclination of the edge with the longest axis 63© 26* 6"* 
The inclination of the edge with the shortest axis is 70° 1 1' 15"£* 
The inclination of the face with the shortest axis is 60° 6' 41"£. 
The inclination of the face with the longest axis is 58° 16' 67"* 
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The long diagonal is to the short as >/5+l • 2 or as 2 : s/b — 1. 

This solid, as was before observed, may be generated from 
a dodecahedron or anicosahedron, if the edges of either of the 
solids were removed by planes, passing through the centre of 
the faces adjoining to the edge to be removed in a direction 
parallel to the edge. 

There is but one variety that can be made, which is bounded 
by thirty equal and similar rhombs ; which admits of no varia- 
tions like the trapezohedron. 

There is no solid that can be formed, of a greater number of 
equal and similar rhombs united together, so that the obtuse 
plane angles should meet to form one set of angular extremities, 
and the acute plane angles should meet to form another set of 
angular extremities.— »See demonstrations. 

If all the long diagonals of the triacontahedron be drawn, 
they will coincide with the edges of the contained icosahedron ; 
and the angular extremities of the contained icosahedron will ter- 
minate in its acute angular extremities. If all the short 
diagonals be drawn, they will coincide with the edges of the 
contained dodecahedron ; and the angular extremities of the 
contained dodecahedron will terminate m its obtuse angular 
extremities. 
The icosahedron and dodecahedron mutually intersect each 

« 

other in the triacontahedron; in a similar manner, as the cube 
and octahedron intersect each other in the rhomboidal dodeca- 
hedron ; their edges cross each other at right angles, and they 
are in the same plane. If an icosahedron be taken, whose 
edges are equal to the long diagonals of a triacontahedron; and 
a dodecahedron be taken, whose edges are equal to the short 
diagonals of the same triacontahedron ; and the edges of both 
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the icosahedron and dodecahedron be bisected, and lines be 
drawn on the faces of both solids, uniting the adjacent points of 
bisection ; the surface of the dodecahedron will be divided 
into twenty triangular pyramids, and twelve pentagonal spaces.; 
and the surface of the icosahedron will be divided into twelve 
pentagonal pyramids and twenty triangular spaces : If the 
pyramids belonging to one of the solids be removed and 
placed on the spaces marked off on the' faces of the other 
solid ; it will be a perfect representation of the icosahedron and 
jcahedron intersecting each other in the triacontahedron; 
igular extremities of one protruding through the faces of 
ler, similar to the cube and octahedron in a rhomboidal 
*ahedron. 

[a line be drawn through the centre of the face of a 

ttahedron, at right angles to one of its edges ; and a plane 

ragh this line and cut the solid at right angles to the face 

rich the line is drawn, it will bisect the longest axis, and 

;e of the section will be a regular decagon ; the faces of the 

Ins of all the contained solids will be also regular decagons. 

I section divides the contained icosahedron and dodecahe- 

kto two equal parts without cutting any of their protruded 

rities represented above, on account of its passing along 

les of the bases of the pyramids. 

plane pass through the centre of a face, at right angles 

shortest axis, the face of the section will have twelve 

f; consequently, the number of sides of this section are 

>le by six, which is the case with the faces of the sections 

the contained solids made with this section ; the number 

sides of each section is divisible by six. 

If all the long diagonals be drawn on the face of. a triaconta- 

d2 
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The long diagonal is to the short as V5+I • 2 or as 2 : >/5 — 1. 
This solid, as was before observed, may be generated from 
a dodecahedron or an icosahedron, if the edges of either of the 
solids were removed by planes, passing through the centre of 
the faces adjoining to the edge to be removed in a direction 
parallel to the edge* 

There is but one variety that can be made, which is bounded 
by thirty equal and similar rhombs ; which admits of no varia- 
tions like the trapezohedron. 

There is no solid that can be formed, of a greater number of 
equal and similar rhombs united together, so that the obtuse 
plane angles should meet to form one set of angular extremities, 
and the acute plane angles should meet to form another set of 
angular extremities.— 'See demonstrations. 

If all the long diagonals of the triacontahedron be drawn, 
they will coincide with the edges of the contained icosahedron ; 
and the angular extremities of the contained icosahedron will ter- 
minate in its acute angular extremities. If all the short 
diagonals be drawn, they will coincide with the edges of the 
contained dodecahedron ; and the angular extremities of the 
contained dodecahedron will terminate in its obtuse angular 
extremities. 

The icosahedron and dodecahedron mutually intersect each 
other in the triacontahedron; in a similar manner, as the cube 
and octahedron intersect each other in the rhomboidal dodeca- 
hedron ; their edges cross each other at right angles, and they 
are in the same plane. If an icosahedron be taken, whose 
edges are equal to the long diagonals of a triacontahedron ; and 
a dodecahedron be taken, whose edges are equal to the short 
diagonals of the same triacontahedron ; and the edges of both 
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The long diagonal is to the short as \^6+l • 2 or as 2 : */b—l. 
This solid, as was before observed, may be generated from 
a dodecahedron or an icosahedron, if the edges of either of the 
solids were removed by planes, passing through the centre of 
the faces adjoining to the edge to be removed in a direction 
parallel to the edge. 

There is but one variety that can be made, which is bounded 
by thirty equal and similar rhombs ; which admits of no varia- 
tions like the trapezohedron. 

There is no solid that can be formed, of a greater number of 
equal and similar rhombs united together, so that the obtuse 
plane angles should meet to form one set of angular extremities, 
and the acute plane angles should meet to form another set of 
angular extremities.— See demonstrations. 

If all the long diagonals of the triacontahedron be drawn, 
they will coincide with the edges of the contained icosahedron ; 
and the angular extremities of the contained icosahedron will ter- 
minate in its acute angular extremities. If all the short 
diagonals be drawn, they will coincide with the edges of the 
contained dodecahedron ; and the angular extremities of the 
contained dodecahedron will terminate in its obtuse angular 
extremities. 

The icosahedron and dodecahedron mutually intersect each 
other in the triacontahedron; in a similar maimer, as the cube 
and octahedron intersect each other in the rhomboidal dodeca- 
hedron ; their edges cross each other at right angles, and they • 
are in the same plane. If an icosahedron be taken, whose 
edges are equal to the long diagonals of a triacontahedron; and 
a dodecahedron be taken, whose edges are equal to the short 
diagonals of the same triacontahedron ; and the edges of both 
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the icosahedron and dodecahedron be bisected, and lines be 

drawn on the faces of both solids, uniting the adjacent points of 

bisection ; the surface of the dodecahedron will be divided 

into twenty triangular pyramids, and twelve pentagonal spaces, j 

and the surface of the icosahedron will be divided into twelve 

pentagonal pyramids and twenty triangular spaces : If the 

pyramids belonging to one of the solids be removed and 

placed on the spaces marked off on the' faces of the other 

solid ; it will be a perfect representation of the icosahedron and 

dodecahedron intersecting each other in the triacontahedron; 

angular extremities of one protruding through the faces of 

other, similar to the cube and octahedron in a rhomboids! 

[decahedron. 

:j& jlf a line be drawn through the centre of the face of a 
mtahedron, at right angles to one of its edges ; and a plane 
through this line and cut the solid at right angles to the face 
|which the line is drawn, it will bisect the longest axis, and 
face of the section will be a regular decagon ; the faces of the 
;tions of all the contained solids will be also regular decagons, 
section divides the contained icosahedron and dodecahe- 
m into two equal parts without cutting any of their protruded 
'entities represented above, on account of its passing along 
sides of the bases of the pyramids. 

[f a plane pass through the centre of a face, at right angles 
ie shortest axis, the face of the section will have twelve 
les; consequently, the number of sides of this section are 
isible by six, which is the case with the faces of the sections 
all the contained solids made with this section ; the number 
the sides of each section is divisible by six. 
Jf all the long diagonals be drawn on the face of a triaconta- 

d2 
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hedron, they will not only coincide with the edges of the con- 
tained fcesahedron, but will also divide the surface into twenty 
triangular pyramids: if at the same time, lines be drawn 
from the angular extremities of the contained icosahedron to 
its centre ; it will be divided into twenty triangular pyramids, 
which will be in an inverted position to the first mentioned 
pyramids : the two pyramids taken together will be a twentieth 
part of the triacontaliedron. The first mentioned pyramids will 
be a twentieth part of the excess of the triacontahedron, above 
the contained icosahedron, and the last mentioned pyramids 
will be a twentieth part of the contained icosahedron ; con- 
sequently, the volume of the contained icosahedron will be 
to the triacontahedron, as the longest pyramid is to the two 
pyramids taken together ; but the two pyramids have a common 
base, therefore they are to each other as their altitudes. Hence 
whatever ratio the two altitudes taken together as one line 
and the longest altitude have to each other, that will be the ratio 
between the two solids. 

If all the short diagonals of the triacontahedron be drawn 
they will not only coincide with the edges of the contained 
dodecahedron, but will also divide the surface of the triacontahe- 
dron into twelve pentagonal pyramids, one on each face of the 
contained dodecahedron. If the contained dodecahedron 
have lines drawn from each of its angular extremities to its 
centre ; it will be divided by these lines into twelve pentagonal 
pyramids, which will have an inverted position to the former 
pyramids, and their bases will be common to both : therefore 
the volumes of the two pyramids will be to each other as their 
altitudes. The two pyramids taken together will be a twelfth 
part of the triacontahedron, and the inverted pyramid will be 
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a twelfth part of the contained dodecahedron ; consequently 
these two solids will be to each other, as the altitudes of the two 
pyramids taken together are to the altitude of the inverted 
pyramid. — See the Appendix. 



THE HEXACONTAHEDRON. 



This solid may be formed from the triacontahedron in a simi- 
lar manner, as the trapeaohedron is formed from the rhomboidal 
dodecahedron. It has 

Sixty faces, 

One hundred and twenty edges, 
Two hundred and forty plane angles, 
Sixty-two angular extremities, and 
Thirty-one axes. 
Its faces are all equal and similar. It has two varieties 
of edges, sixty long and sixty short. It has three va- 
rieties of plane angles, sixty obtuse, sixty acute, and one 
hundred and twenty acute nearly approaching a right angle. 
It has three varieties of axes, six long, fifteen middle, and ten 

short. 
Its obtuse angles are 119° ff 26". 

Its acute plane angles are 66° 2* 1*|. 

Its less acute angles are 87° 25' 4ft". 

The inclination of the faces united by the least acute plane 

r 

angles are 144°. The inclination of the faces with the short- 

d3 
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edges crossing the obtuse angular extremities is 163° 40* 6&"£» 
The inclination of the faces with the opposite longest edges 
crossing the acute angular extremities is 131° 24 40"£. The in- 
dication of the faces with the longest axis is 63° 2tf <j\ The in- 
clination of the faces with the middle axis is 72°. The inclina- 
tion of the faces with the shortest axisis 70° 11' 15*£ The incli- 
nation of the longest edges crossing the intermediary angular 
extremities is 160 o 3tf 45". The mutual inclination of the 
shortest edges crossing the intermediary angular extremities is 
149° 5' 57" 

The long diagonal is to the short as >/25+57o : 32. The 
longest edge is to the shortest edge as >/37+15>/5 I s/VT+b^Jb. 
The longest diagonal bisects the shortest, and the short diagonal 
divides the long into two parts, which parts are to each other as 
2 : 3-+V5 or as 3 — *sfb • 2. The longest axis is to the shortest 
as <s/5+V5 : s/6. The middle axis is to the shortest axis as 

4:>/i5::>/ie:v f i5, 

The middle axis of the hexacontahedron is to the altitude of 
the triacontahedron 2>/5+6 : 2>/5+5. 



The hexacontahedron may be formed from a triacontahedron, 
by removing its edges by planes passing; through the centres of 
the faces adjoining to the edge to be removed, in a direction pa- 
rallel to that edge. 

The faces of this solid are very similar to the faces of the 
trapezohedron and are united together in a similar manner. 
Like the trapezohedron, its angular extremities are formed by 
or point out, the angular extremities of the contained solids. 

If the long diagonals of a hexacontahedron be drawn,, they 
will coincide with the edges of a contained triacontahedron^ 
whose angular extremities will terminate in the acute angular 
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extremities of the hexacontahedron, and its . obtuse angular 
extremities in the obtuse angular extremities of the hexacon- 
tahedron. 

The acute angular extremities of the hexacontahedron coin- 
cide, with the angular extremities of the contained icpsahedron ; 
and the obtuse angular extremities coincide with the angular 
extremities of the contained dodecahedron. The icosahedron 
and dodecahedron mutually intersect each other in a similar 
manner, as they do in the triacontahedron, being themselves 
contained in the contained triacontahedron^ 

If all the short diagonals be drawn on die face of a hexacon- 
tahedron they will coincide with the edges of a contained Icosar 
dodecahedron whose-angular extremities terminate in, the inter- 
mediary angular extremities of the. hexacontahedron. Hence 
the acute angular extremities coincide with the angular extre- 
mities of the contained icosahedron, and the obtuse angular 
extremities with the angular extremities of a contained dodeca- 
hedron, and the intermediary angular extremities, with the 
angular extremities of a contained intermediary solid, vis. the 
Icosadodecahedron. 

The triacontahedron and icosadodecahedron, intersect each 
other in a similar manner as the rhomboids! dodecahedron and 
cuboctahedron intersect each other in the trapezohedron, the 
angular extremities of one protruding through die faces of the 
other, tind as the edges of the rhomboidal dodecahedron, cross 
each other at right angles in the surface of the trapeeohedron, 
so the edges of the contained triacontahedron and cuboctahe- 
dron cross each other in the surface of the hexacontahedron. 

If through one of the diagonals, that unites the equal plane 
angles, a plane pass at right angles to the faces on which the 
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diagonal is drawn; it will bisect one of the longest axis at 
right angles, and divide the solid into two equal parts, making 
the face of the section a regular decagon, represented hi fig* 
63* The onter decagon is in reality r a section of the contained 
kosadodeoahedron, because this section cats no part of the 
hexacontahedron that is not common to the contained solid*, 
bat passes through ten of the diagonals of its faces, which 
diagonals coincide with the edges of the contained icosadode- 
oahedron. The second decagon is the section of the contained 
triacontrahedron, which section cuts its faces at right angles to 
its edges. The third decagon is the section of the contained 
icosahedron and dodecahedron represented above, as inter- 
secting each other; this section (cuts none of their protruded 
parts, bat passes through the line of junction between the two 
kinds of pyramids, formed by the angular extremities*of the 
two solids protruding through each other's faces, consequently, 
the face of this section is common to both. The two pentagons, 
intersecting each other in the middle, will be explained 
when the pentahedron is described. 

If a plane cut the solid into two equal parts, at right angles 
to the shortest axis; the number of sides by which the section 
of the hexacontahedron is bounded, and likewise the sections 
of all the contained solids, will be divisible by six, whereas, in 
the former section they are divisible by five* 

If a plane eat the hexacontahedron into two equal 
parts at right angles to the middle axis, the face of the section, 
and likewise the faces of the sections of all the contained solids 
w3} be bounded by some of the most remarkable lines, of the 
faces of the different solids of which they are the sections. 
Thefaee of the section of the hexacontahedron will be bounded 
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by twelve sides, four of which will be the longest sides of the 
face, four will be the shortest sides, and the remaining four will 
be the longest diagonals of the face; The section of the con- 
tained triacontahedron will be bounded by eight sides, two of 
which will be the longest diagonals of its faces, two of the 
shortest diagonals and the remaining four will be the edges of 
its face. The face of the sections of the contained icosahe- 
dron will be bounded by six sides, four of which will be the 
perpendiculars of the faces, and the remaining two will be the 
sides of the faces. The section of the contained dodecahe- 
dron will be bounded by four perpendiculars of the faces and 
two edges. 

Two solids have been described, . the trapezohedron and 
the hexacontahedron, bounded by equal and similar trape- 
zoidal faces united together in a similar manner. Each of these 
admit of an indefinite variety ; the plane angles of the facea 
being capable of great variations, without altering their general 
form, by elongating or shortening the longest or shortest 
axes ; and supposing each face to move in an equal manner, on 
that diagonal which unites the equal plane angles, as on an axis. 
There is another solid capable of being formed with twelve 
trapezoidal faces united together in a similar manner, named the 
trapezoidal dodecahedron, which has a tetrahedron for its base, 
whereas the trapezohedron has an octahedron, and the hexa- 
contahedron has an icosahedron for their bases, like the two 
last mentioned solids, it admits of indefinite variations. Be- 
sides these three, there is no other solid that can be formed of 
similar trapezoidal faces, united together in a similar manner. 

If all the long diagonals be drawn on the faces of a hexa- 
contrahedron, they will not only coincide with the edges of 
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The long diagonal is to the short as \^5+l • 2 or as 2 : */b — 1. 

This solid, as was before observed, may be generated from 
a dodecahedron or an icosahedron, if the edges of either of the 
solids were removed by planes, passing through the centre of 
the faces adjoining to the edge to be removed in a direction 
parallel to the edge. 

There is but one variety that can be made, which is bounded 
by thirty equal and similar rhombs ; which admits of no varia- 
tions like the trapezohedron. 

There is no solid that can be formed, of a greater number of 
equal and similar rhombs united together, so that the obtuse'; 

■ 

plane angles should meet to form one set of angular extremities,}; 
and the acute plane angles should meet to form another set o 
angular extremities.— $ee demonstrations. 

If all the long diagonals of the triacontahedron be drawn 
-they will coincide with the edges of the contained icosahedron ; 
and the angular extremities of the contained icosahedron will ter- 
minate in its acute angular extremities. If all the short oi 
diagonals be drawn, they will coincide with the edges of the £j 
contained dodecahedron ; and the angular extremities of the 
contained dodecahedron will terminate in its obtuse angular 
extremities. 

The icosahedron and dodecahedron mutually intersect each 
other in the triacontahedron; in a similar manner, as the cube 
and octahedron intersect each other in the rhomboidal dodeca- 
hedron ; their edges cross each other at right angles, and they j 
are in the same plane* If an icosahedron be taken, whose 
edges are equal to the long diagonals of a triacontahedron ; and 
a dodecahedron be taken, whose edges are equal to the short 
diagonals of the same triacontahedron ; and the edges of both 
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the icosabedron and dodecahedron be bisected, and lines be 
drawn on the faces of both solids, uniting (he adjacent points of 
bisection ; the surface of the dodecahedron will be divided 
into twenty triangular pyramids, and twelve pentagonal spaces.; 

and the surface of the icosabedron will be divided into twelve 
pentagonal pyramids and twenty triangular spaces : If the 
pyramids belonging to one of the solids be removed and 
placed on the spaces marked off on the' faces of the other 
solid ; it will be a perfect representation of the icosabedron and 
dodecahedron intersecting each other in the triacontahedron ; 
le angular extremities of one protruding through the faces of 
te other, similar to the cube and octahedron in a rhomboidal 
lodecahedron. 

If a line be drawn through the centre of the face of a 

^iacontahedron, at right angles to one of its edges ; and a plane 

through this line and cut the solid at right angles to the face 

which the line is drawn, it will bisect the longest axis, and 

le face of the section will be a regular decagon ; the faces of the 

stions of all the contained solids will be also regular decagons. 

section divides the contained icosabedron and dodecahe- 

m into two equal parts without cutting any of their protruded 

Ltremities represented above, on account of its passing along 

te sides of the bases of the pyramids. 

If a plane pass through the centre of a face, at right angles 

the shortest axis, the face of the section will have twelve 

ides; consequently, the number of sides of this section are 

livisible by six, which is the case with the faces of the sections 

>f all the contained solids made with this section ; the number 

if the sides of each section is divisible by six. 

If all the long diagonals be drawn on the face of a triaconta- 

d2 



00 THE PSNTAHBDRON. 

A variety of carious relations subsisting between the four 
solids first mentioned, hare been discovered by Dr. Roget, and 
are given in the Appendix. 

The dodecahedron, ioosahedron, triacontahedron, andhexa- 
contahedron, have been shown to possess similar properties 
between themselves and to have a similar relation to each other* 
as the cube, octahedron, rhomboids! "dodecahedron and trape- 
zohedron have, forming two distinct series ; the first series, 
however, is deficient for want of a solid that has the same re- 
lation to it that the tetrahedron has to the last. ' To ascer- 
tain the form of this solid, the re-octahedron and the 
re-dodecahedron will be found of essential service ; the pen- 
tagonal pyramids of the re-dodecahedron having the same re- 
lation to the dodecahedron, as the tetrahedron of the re-octa- 
hedron has to its octahedron. This pentagonal pyramid may 
be called a pentahedron to distinguish it from all other penta- 
gonal pyramids. 



THE PENTAHEDRON. 



This solid is a pentagonal pyramid, whose base is a regular 
pentagon, and whose sides are equal and similar isosceles 
triangles ; having the angles at the base, each doable the third 
angle. 

The pentahedron will be found, in some respects, more 
curious and interesting than the tetrahedron, it was before 
noticed that the icosahedron was in some of its properties ana- 
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logous to the cube and the dodecahedron to the octahedron, 
which circumlsance will be confirmed by the comparison of the 
pentahedron and tetrahedron. 

It may be seen, (fig 6.) that two tetrahedrons-, mutually in- 
tersecting each other, form an octahedron in the middle, which 
is that part of each tetrahedron which is common to both, a 
similar effect takes place, when two pentahedrons mutually 
intersect each other, as in fig. 12, where, by their mutual inter* 
section, they form a dodecahedron, which is that part of each 
pentahedron which is common to both* 

If an octahedron be placed on one of its sides, while it is 
in that position, it may be said to hare an upper and lower base 
and six lateral (aces ; but these lateral faces are of two 
kinds, three inferior and three superior; if the three su- 
perior lateral faces be extended in every direction, and at the 
same time, the lower base of the octahedron; these four 
planes will intersect each other, forming a tetrahedron like 

fig- »• 

In like manner, a dodecahedron being placed on one of its 

sides, that side will then be the lower base, and the face op- 
posite will be ihe upper base ; the remaining ten faces will be 
lateral faces, fire of which will be inferior, aud five superior ; 
if the superior lateral faces be extended above and below, and, 
at the same time, the lower base, as was done with the octa- 
hedron, till they intersect each other ; these six planes, by 
their mutual intersection, will form a pentahedron. 

The inclination of the superior edge of a tetrahedron on its 
face, in a direction crossing its summit, is equal to the incli- 
nation of the same edge on its base ; this is the case with the 
pentahedron. 
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It may be seen (fig. 25.J that one half of the fades of a 
contained octahedron may be marked out on the faces of a te- 
trahedron, in almost as simple, and much more carious manner, 
one half of the faces of a contained dodecahedron, may be 
marked out on the faces of a pentahedron*. 

If the edge AB of a, pentahedron (fig 54 J be bisected in a, 
and from the point of bisection, the perpendicular a b be drawn 
on the face ABC, and b B be joined, and the same be done 
with the edge A C, and d C be joined, and ae be taken equal to 
a d, and through e, e n be drawn parallel to C B, the pentagon 
enbrd will be a regular pentagon, and will be one 
of the faces of the contained dodecahedron. In a similar 
manner, four other faces of the contained dodecahedron may 
be traced out on the remaining sides of the pentahedron. The 
sixth must be traced out on its base, which is done by drawing 
lines connecting the alternate extremities of the base, making a 
star similar to fig. 60. The small pentagon in the middle, is a 
face of the contained dodecehedron, making altogether six 
faces, traced out on the surface of the pentahedron, none of 
which are opposite or parallel to each other ; and because one 
half of the faces of a dodecahedron is opposite and parallel to 
the other half, therefore, the remaining half of the faces of the 
contained dodecahedron, will be opposite and parallel to the 
faces traced out on the surface of the pentahedron; and conse- 
quently, they will lay concealed, one under each of its angular 
extremities ; if these angular extremities, which are the fire 
extremities of the base, together with the apex, be removed by 
planes parallel to the opposite faces, at a distance equal to the 
distance of the section CdE,fig. 54, from the face opposite, 
which section cuts off the angular extremity B, by passing 
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through the adjoining extremities, C and B, parallel to the face 
opposite to B+ These six sections will convert the pentahe- 
dron into a dodecahedron. The distance between the section 
C dE, from the face opposite will be the altitude of the con- 
tained dodecahedron. This relation of the dodecahedron, is 
similar to that which subsists between a tetrahedron and its 
contained octahedron, for one half of the faces of the con- 
tained octahedron may be traced out on the faces of the tetra- 
hedron, none of which are opposite or parallel, consequently, 
the remaining half of the faces of the contained octahedron, 
will be opposite and parallel to those traced oat, and will lay 
concealed under the a*hgular extremities of the tetrahedron, 
which extremities, if removed by planes parallel to the opposite 
faces, at an equal distance, which distance must be such as to 
-cause the planes to bisect the edges of the tetrahedron. These 
sections will convert the tetrahedron into an octahedron. 

It must be noticed that there is a part of the pentahedron 
which does not properly belong to it, which is the irregular 
tetrahedron, B Cr o Jig. 54 sod Jig. 55. If these parta of the 
pentahedron be removed, a pentahedron proper will be obtained 
represented in an inverted position by ,/fy.lS, which, though it 
appears more complicated yet its analogy to the tetrahedron will 
be traced with more ease, for now its solid angles are all equal, 
and as the tetrahedron may be considered as an octahedron 
with half as many tetrahedrons enveloping it, as it has faces, so 
in like manner the pentahedron proper may be considered as 
a dodecahedron, with half as many pentahedrons enveloping h 
as it has faces ; or, as the tetrahedron may be considered as an 
octahedron standing on one of its faces, having a small tetrahe- 
dron on its upper face and one on each inferior lateral face— ("see 
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fig. 26), so the pentahedron proper may be considered as a do- 
denahedron placed on one of its faces, with a pentahedron on its 
npper face, and one on each of its inferior lateral faces* 

In the re-dodecahedron, fig. 24, there may be twelve penta- 
hedrons proper traced out, for each solid may be considered as 
the summit of one, and the five adjacent angular extremities will 
be the angular extremities of the base of another, and the op- 
posite angular extremity will be its summit, whereas, the five 
remaining or alternate angular extremities will be the extremi- 
ties of the base of the one first mentioned, so that they will appear 
to intersect each other in pairs. A dmilar effect actually takes 
place in the re-octahedron, for as each* angular extremity of a 
tetrahedron may be considered as the summit of a triangular py- 
ramid, of which the opposite face is the base, therefore, each 
solid angle of the re-octahedron may be considered as the sum- 

nut of a triangular pyramid, consequently, eight triangular py* 
ramids may be traced out in the re-octahedron intersecting 
each other in pairs ; but, on account of the peculiar symetry 
of the jre-octahedron, this, as well as other effects, are ob- 
scured, owing to its having the appearance of two large tetra- 
hedrons intersecting each other. 

The pentahedron has the same relation to the icosahedron 

as the tetrahedron has to the cube, for if A (Jig. 36,) be the 
summit of a contained tetrahedron, Q HF the lower lateral 
angles, will be the extremities of its base* In like manner, 
of «4, (/fy.57)be the summit of a contained pentahedron 
C, D, E 9 F 9 d, the lower lateral angles will be the extremi- 
ties of the base of the contained pentahedron, and as each an- 
gular extremity of the cube may be considered, as the 
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summit of a contained tetrahedron ; so each angular extremity 
of an icosahedron may be considered, as the summit of a con- 
tained pentahedron. In like manner each acute angular ex- 
tremity of a triacontahedron, or of a hexacontahedron may be 
considered as the summit of a contained pentahedron, from 
which it is easy to trace, out, the lower extremities. The angu- 
lar extremities of an icosahedron, and the acute angular extremi- 
ties of a triacontahedron, or hexacontahedron may be considered 
as the extremities of two pentahedrons, mutually intersecting 
each other as fig. 12. The two pentagons in the section of the 
hexacontahedron, fig. 53, is the section of the two pentahedrons, 
fig. 12, or the section of the two pentahedrons proper, mutually 
intersecting each other (fig. 24.) 

What has beensaid of the pentahedron is sufficient to prove, 
that it possesses a similar relation to the dodecahedron, the icosa- 
hedron, the triacontahedron, and the hexacontahedron ; as the 
tetrahedron has to the cube, the octahedron, the rhomboidal 
dodecahedron and the trapezohedron ; and from what has been 
said of the series commencing with the pentahedron, it must be 
evident that it is parallel to the natural series, in a number of its 
properties. As none of the solids, composing the series com- 
mencing with the pentahedron, have ever been found in nature, 
and as they are entirely the work of art, it taay be called the 
artificial series, to distinguish it from the natural series. 

Hence it may be concluded, that the dodecahedron and the 
icosahedron, not only form part of a continued series, under the 
appellation of the Platonic bodies, but occupy a position in a 
distinct series, parallel to the cube and octahedron. 



The natural series will admit of indefinite variations, from 
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fhe variations of the cube; which is the most simple generating 
solid, or the solid from which all -die others maj be generated, 
by the most simple means. This will appear evident upon in> 
speeting,/ff£*. 20, SS, 88 and 44, and attending to what has been 
said respecting them; hence it may with propriety be called the 
generating solid, not only of the natural series, bo t of all other 
solids, there being no solid firbm which all other solids could 
be derived, or to which they could be referred, with similar 



If the cube be considered as a parallelopiped, and the differ- 
ent varieties of paralletopipeds be successively substituted in its 
place, there may be generated from each parallelopiped a dif- 
ferent tetrahedron, octahedron, dodecahedron, and trapeaohe- 
dron. 

If the octahedrons, which are derived from those parallelo- 
pipeds called right and oblique quadrangular prisms, be de- 
scribed, some idea may be formed of the varieties that might 
be produced. 

If a right quadrangular prism, with a square base, have aB 
the diagonals of its faces, drawn in every direction, and each 6f 
its solid angles be removed, by planes passing through three 
adjacent diagonals, these planes by theft mutual intersection, 
will form an octahedron in the middle of tile prism, whose an- 
gular extremities will terminate in the centres of its faces. If 
the altitude of the prism be less than the side of the "base, it will 
be a flattened or obtuse octahedron, having one of its axis 
shortened ; if the sides be equal, it will be a cube, and the oc- 
tahedron will be the regular octahedron ; but if the sides of the 
prism be longer than the sides of the base, the octahedron will 
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be an acuta or elongated octahedron, having one of its axis 
elongated. 

If a right quadrangular prism, with a rectangular base* have 
all it» solid angles removed in a similar manner; the octahe- 
dron thence arising will be a rhombic octahedron, or an octahe- 
dron the bases of whose pyramids will be rhombs, its three 
axes will be all different, having the same proportion to each 
other as the edges of the prism. • . 

If a right quadrangular prism, having a rhombic base, have 
all its solid angles removed in a similar manner; the octahedron 
thence arising will be a rectangular octahedron, or an octahe- 
dron which may be divided into two rectangular pyramids. 

If a right quadrangular prism, having a rhomboids! base, 
have all its solid angles removed in a similar manner; the ocr 
tahedron thus produced will be capable of being divided, into 
two quadrangular pyramids having rhomboids! bases. 

For every distinct variety of parallelepiped, there will arise a 
distinct variety of octahedron ; but it must be noticed, that every 
distinct variety of quadrangular prism is not a distinct variety 
of parallelopiped. 

Each distinct variety of parallelopiped, not only produces a 
distinct* variety of tetrahedron, octahedron, dodecahedron and 
trapesohedron; but likewise admits of indefinite variations : 
consequently an indefinite number of parallel series may be 
formed, each of which series will be regulated by the same 
general law. These variations wiH be found to embrace the 
greatest part, if not the whole of the crystaline forms that have 
been discovered among minerals. 

Having investigated the various properties of the Platonic 
bodies, and those solids which may be derived from them, by 

«2 
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removing their different extremities in a direct manner; and 
having pointed oat the important fact, that these solids and their 
derivatives naturally divide themselves into two series; -that 
each individual in one of the series is to be found in great 
abundance among the productions of nature, in the mineral 
department; and that not a single individual in the other series 
has ever been found among such or any other of nature's produc- 
tions ; the next object will be to describe those angular geo- 
metrical solids that rank next in importance. These are the 
rhombohedron ; fiwe varieties of dodecahedrons; the prisms, 
the pyramids, and the parallelopipeds. 



SSB 



The RHOMBOHEDRON, or RHOMBOID. 



This solid has 

Six faces, 

Eight angular extremities, 
Twelve edges, 

Twenty-four plane angles, and 
One axis. 
Its faces are equal and similar. Its edges are of two kinds, 
one half may be called its superior or inferior, and the other 
half its lateral edges. Its angular extremities are of two kinds, 
two of which may be called its summits and the remaning six, 
its lateral extremities. 

In the acute rhombohedron, (fig* 96.) the summits are 
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formed of three acute plane angles; and the lateral solid angles 
are each formed by the meeting of two obtuse and one acute 
plane angle. The lines uniting the acute plane angles are the 
oblique diagonals, and the lines uniting the obtuse plane angles 
are the horizontal diagonals. 

In the obtuse rhombohedron (fig. 90), the summits are 
formed by three obtuse plane angles meeting together, and the 
lateral solid angles are formed, by the meeting of one obtuse 
and two acute plane angles, the lines uniting its obtuse plane 
angles are its oblique diagonals, and the lines uniting its acute 
plane angles are its horizontal diagonals. 

The rhombohedron is a parallclopiped, which is generated 
from a eube, by elongating or shorting one of its axis ; if the 
axis of the cube be elongated, it will become an acute rhombo- 
hedron, but if it be shortened it will become an obtuse rhombo- 
hedron. On account of its six faces being equal and similar 
through all its variations, it may be called a hexahedron : in that 
case, the acute variety may be called an acute hexahedron, the 
cube a right angled hexahedron, and the obtuse variety an ob- 
tuse hexahedron. 

Each variety admits of indefinite variations. The obtuse pro- 
ceeds from the cube by shortening one of its axes ; when that 
axis disappears the six faces collapse together, forming a plane, 
whose boundaries is a regular hexagon. The acute variety pro- 
ceeds from a cube by elongating one of its axes, till that axis be- 
comes a line of indefinite extent, when the solid disappears in 
that line. So that at one extremity of its variations it terminates 
in a line, at the other in a plane, and in the intermediary state it 
is a solid. 

A rhomboidal dodecahedron may be divided into four ofctuse 

s a 
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rhombohedront, like j^. 100. If an octahedron tat* a tetra- 
hedron applied to each of two opposite faces, it will be convert- 
ed into an acute rhombohedron, Vktftg M* These two rhonv- 
bohedrons have this cariens property, that if a perpendi- 
cular be drawn from the angular extremity of an obtnse plane 
angle of either of the solids, and a plane pass thrdagh it, 
outting the solids at right angles to the face on which the 
perpendicular is drawn; the face of the section of either of 
the solids, will be similar to the external face of the other 
solid. 

Of the five varieties of dodecahedrons to be described, three 
of them have triangular faces, one has quadrangular faces, and 
one has pentagonal faces. One of the dodecahedrons with tri- 
angular faces is bounded by scalene triangles, and may be called 
a scalene dodecahedron ; a second has the appearance of two 
hexangular pyramids joined base to base, and has been called 
from that circumstance, a bipyramidal dodecahedron ; a third is 
formed of isosceles triangles, whose vertical angle is always 
more than doable of either of the angles at the base, and may 
be called a tetradodecahedroo. The dodecahedron with quad- 
rangular faces, which is bounded by trapezoidal faces similar to 
the faces of tho trapezohedren or hexacontahedron, may be 
called the trapezoidal dodecahedron. The dodecahedron 
bounded by pentagonal faces, which are not regular pentagons, 
bat are all similar, may be called a pentagonal dodecahedron. 
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SCALENE DODECAHEDRON, 

(FtO. 9S.) 



This solid has 

Twelve faces, * 

Eight solid angles. 

Eighteen edges, 

Thirty-six plane angles, 

And one axis* 
Its faces are equal and similar. Its solid angles are of two 
varieties; two of them may he called its summits, the others 
its lateral angles. It has two varieties of edges ; twelve may be 
called its superior edges, and the remaining six its lateral 
edges. Its plane angles are of three varieties, twelve obtuse, 
twelve acute; and the remaining twelve still more acute. 

The lateral edges coincide with the edges of a contained 
rhombohedron. 

This variety of dodecahedron, admits of more variations than 
any other ; independently of the variations produced by elongat- 
ing and shortening its axis, an indefinite variety may be formed 
by varying the inclination of the lateral edges to eacfc other, 
which may proceed from a very acute angle (fig. 9b,) to a more 
obtuse angle, (fig. 96,) and when that angle becomes 120° all 
the lateral edges will be in the same plane (fig. 97.) This 
plane will divide the solid into two hexagonal pyramids, on which 
account it may then be called a bipyramidal dodecahedron, 
which will form the next variety. 

B 4 
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BIPYRAMIDAL DODECAHEDRON. 



(FIQ. 97J 



This solid has the same number of faces, edges and angles 
as the scalene dodecahedron : it has four axes. 

Its faces are all isosceles triangles, consequently there are 
bat two varieties of plane angles ; twelve of which must always 
be less than 60°, and the remaining twenty-four must be each 
greater than 60°. 

There is one variety which may be generated by the inter- 
section of two cubes ; all the remaining variations may be made 
by the intersections of two rhombohedrons. In each of these 
cases the axes of the two intersecting solids must coincide, and 
their lateral edges must bisect each other; when the superior 
and inferior edges of the one will be exactly over the oblique 
diagonals of the other. 
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THE TETRADODECAHEDRON. 

( TIG. 9tJ 



This solid has 

Twelve faces, 

Eight solid angles, 

Eighteen edges. 

Thirty -six plane angles, and 

Four axes. 
Its faces are all equal and similar isosceles triangles. It has 
two varieties of solid angles, four acute and four obtuse ; the 
acute are each formed by the meeting of six acute plane angles, 
and the obtuse by the meeting of three obtuse plane angles. If 
has six long edges and twelve short. It has two varieties of 
plane angles, twelve obtuse, which are never greater than 120*, 
and twenty-four acute, which always exceed 30°, but never 
equal 45°. It has four axes which are all equal : each of these 
axes unites an acute angular extremity with] an obtuse angular 
extremity, which are opposite to each other. 

It admits of considerable variations ; it has the appearance 
of a tetrahedron, with an obtuse triangular pyramid on each of 
its faces. When the obtuse plane angles are equal to 120°, the 
pyramids disappear, and it becomes a tetrahedron ; when the 
obtuse angle becomes a right angle the solid is then converted 
into a cube. 
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TRAPEZOIDAL DODECAHEDRON. 

(FIQ8. 93 &L) 



This solid has 

Twelve faces* 

Fourteen angular extremities, 
Twenty-four edges, 
Forty-eight plane angles, and 
Seven axes. 
Its faces are aU equal. It has three varieties of solid angles, 
fymr obtuse, four acute, and six intermediary. Its edges are of 
two kinds, twelve long and twelve short. It has thipe varieties 
of plane angles, twelve obtuse, which never equal 120°, 
twenty-four acute, that vary between 90° and 70° 3V 43 ^, 
and twelve that are sometimes obtuse and sometimes acute ? 
varying between 109° 28' 16"£ and 80°. It has two .kinds of 
axes; when it. approaches the rhomboidal dodecahedron it has 
three long and four short axes, but when it approaches the tetra- 
hedron, it has four long and three short; there is one stage in 
the variations when they are all equal* 

This is the only solid that can be made of twelve equal and 
similar trapezoidal faces, -grouped together, in a similar manner 
as the trape^ohedron and. the hexaoontahedron (see dtmonstriL- 
^ions:) it passes into the tetrahedron and the rhon^boidal-dodeca- 
hedron ; in Jig. 93 it is approaching the tetrahedron, and in Jig. 94 
it is approaching the rhomboidal dodecahedron. Its acute angu 
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Ur extremities coincide with the angular extremities of the con* 
tabled tetrahedron, its obtitse angular extremities with the angu- 
lar extremities of the oontamed cube, and its intermediary angu* 
hr extremities, wilh the aagidar extremities of the contained 
octahedron, whose edges coincide with one half of the diagonals, 
Which unite its intermediary angular extremities, as *, &, 

If the face Ab da, move upon the diagonal a ft, as upon 
an axis, till the opposite angles a A b and a db are equal, audi 
all the faces change their position in a similar and equal manner* 
the solid will become a rhomhoidal dodecahedron: if the ob- 
tuse angular extremity <f, be so depressed that it coincide with 
the faces of the contained tetrahedron, the trapezoidal feces wiH 
disappear, and the solid will pass into that tetrahedron. 



THE PENTAGONAL DODECAHEDRON. 

(FIG. $0.) 



.. This solid has 

Twelve faces; 

Thirty edges, 

Twenty angular extremities, 

Sixty plane angles, and 

Tour axes. 
Its feces are all equal and similar pentagons united together 
in pairs. Its solid angles -are df two varieties, eight of which 
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are formed by the meeting of three equal plane angle*, and 
the remaining twelve are formed by the meeting of unequal 
plane angles. It has two varieties of edges, in one set of vari- 
ations six of them are longer than the remaining twenty-four, in 
Ike other set of variations they are shorter. 

Each face, of this variety of dodecahedron, has four of its 
edges always equal; the fifth edge (fig. 91) is either longer or 
shorter than the rest; the opposite angle belonging to the 
same face is more obtuse than the other angles ; and when that 
edge is equal to the diagonal, which is parallel to it on the 
same face, the opposite angle disappears, and the edges forming 
it become that diagonal. A similar change being supposed to 
take place with all the faces, the solid will then become a cube. 
But should the above mentioned edge be shorter than the rest, 
*sfig. 90, the opposite angle becomes more acute than the rest, 
and continues to become more so, as the^dge becomes shorten- 
ed. In all the changes that have been mentioned, the four re- 
maining edges are in every stage equal, and continue so when 
the above line disappears, in which case they unite together and 
form a rhomb, and the solid becomes a rhomboidal dodecahe- 
dron. Hence a pentagonal dodecahedron, at one extremity of 
the series of its variations becomes a cube, and at the other end a 
rhomboidal dodecahedron. 

Seven distinct varieties of dodecahedrons have been describ- 

4 

ed ; the regular dodecahedron, the rhomboidal dodecahedron, 
the scalene dodecahedron, the bipyramjdal dodecahedron, the 
tetradodecahedron, the pentagonal dodecahedron, and the trape- 
zoidal dodecahedron. The trapezoidal dodecahedron passes in- 
sensibly into the rhomboidal dodecahedron, see figs. 93 mnd 94; 
this passes imperceptibly into the pentagonal dodecahedron, see 
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jig. 90 and 01, which passes into a cube at the other extremity 
of its series of variations; but becomes in one of its stages a 
regular dodecahedron. The pentagonal dodecahedron having 
disappeared in the cube, the tetradodecahedronf imperceptibly 
proceeds from it, by drawing the diagonals which coincide with 
the edges of one of the contained tetrahedrons, and at the same 
time depressing the angular extremities of the cube that are op* 
posite the faces of the above tetrahedron. If a cube be placed 
on one of its angular extremities, asjfy. 36, and its six oblique 
diagonals be drawn, they will shew how the scalene dodeca- 
hedron may arise from the cube ; it was before shown that the 
scalene dodecahedron may insensibly become a bipyramidal 
dodecahedron. Hence these'seven dodecahedrons are most in- 
timately united by means of the cube, and they may all be said 
to proceed insensibly from that solid. 



THE PRISM 



Is a solid that admits of great variations; it is in general 
tinguished by the number of sides bounding its base. It may 
be distinguished into right or oblique ; a right prism has its sides 
at right angles to its base, an oblique prism has none of its sides 
at right angles to its base, except in some few instances in which 
two of its sides may be at right angles. 

They are named from the number of sides which bound their 
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nil mum*. 



bases, Henee a pram with a triangular base, is called a trian- 
gular priam; wkh a quadrangular bate, a quadrangular prism, 
4e. 

Triangular, quadrangular, hexangular and octangular prisms, 
are to be found in great abundance among the productions of na- 
ture. The hexagonal prism is considered bj some, to be gene- 
rated by the intersection of two triangular prisms ; the octagonal 
prism by the intersection of two quadrangular prisms. 



THE PYRAMID. 



'This solid like the prism is distinguished by the number of 
sides that bound its base; and likewise by its being right or 
oblique; when its summit is directly over the centre of 
its base, it is a right pyramid ; when it is not it is an oblique 
pyramid* 

All pyramids which have an equal base and altitude with a 
prism are equal to one-third of that prism, whether they be 
right or oblique. 

Triangular, quadrangular, and hexangttlar pyramids are 
found in abundance among crystals. 
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THE PARALLELOPIPED. 



This solid admits of great variations; the cube and the two 
rhombohedrons are three of them ; the remaining varieties are 
the right and oblique quadrangular prisms : if these are distin- 
guished by their bases, they will each admit of four distinct 
varieties, namely, a right quadrangular prism with a square base, 
(fig* 81 a right quadrangular prism with a rectangular base, 
(fig* 912;) a right quadrangular prism with a rhombic base, 
or whose base is a rhomb, (fig. 88;) a right quadrangular 
prism with a rhomboidal base, or whose base is an oblique 
angled parallelogram, (fig. 84.) The oblique varieties may 
be distinguished in a similar manner. 

The oblique prisms may be distinguished in another manner 
into three varieties, namely, oblique on the edge, oblique on 
the angle, and the awry prism, which partakes of both. This 
division of oblique prisnts has been introduced by Dr. Wollas- 
ton. ■ 

There are other angular solids, some of which may perhaps, 
not be improperly termed fanciful solids ; these are formed in a 
variety of ways, but chiefly by removing the extremities of those 
solids already described in any way the fancy may lead, without 
any [direct rule or law like what has been employed in the 
series already mentioned. A few remarkable solids of this kind 
may be seen in Sharp's Geometry Improved. There are a 
few solids that have not been described in the present work, such 
as the wedge, the prismoid, &c. useful in the study of mensu- 
ration; these may be seen described in books on that 
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THE CONE, SPHERE, and CYLINDER. 



When the diameter of the base of a cone with its altitude ; 
the diameter of the sphere, and the diameter of the base of a 
cylinder with its altitude, are all equal, their volumes are to 
each other as 1, 2 and 3. 

The sections of a sphere are all circles. 

The sections of a cylinder parallel to its base are circles; 
all sections that are not parallel to the base or axis are 
ellipses; but all sections that are parallel to its axis are paral- 
lelograms. 

The sections of a cone, parallel to its base, are circles; The 
sections of a cone parallel to its side are parabolas ; all sections 
between these two. or all sections which make a more obtuse 
angle with its axis than the sides, are ellipses ; but all sections that 
make a more acute angle with the axis, or are parallel with it, 
are hyperbolas ; all sections passing through the summit and 
its axis are triangles. There hare been a number of treatises 
written on these sections describing their properties. 



DEMONSTRATIONS 



OF A NUMBER OF 



$f)t $ro$tttft*, 



BELONGING TO THX 



Natural and Artificial Series. 



DEMONSTRATIONS 



OF A VARIETY OF PROPERTIES BELONGING TO THE 



NATURAL SERIES. 



DEFINITIONS. 

THE relative positions of the different solids belonging to 
the natural series, when contained in or enveloped by each 
other, are determined by their situation in the trapezohedron. 

The terms contained and enveloped, are used in some in- 
stances, instead of the terms inscribed and circumscribed : For 
in many cases the position of the contained solid, does not agree 
with the definition of an inscribed solid, which is, " that the 
angular extremities of the inscribed solid, terminate in the cen- 
tres of the faces of the circumscribed solid," nor is it possible 
for some to be so placed. The different positions of the con- 
. tained solids may be divided into three classes. . 

The First, When the angular extremities, of the contained 
solid, coincide with certain sets of the angular extremities of 
the enveloping solid. 

The Second, When certain faces of the contained solid 
coincide, or are in the same plane, with the faces of the en- 
veloping solid. In this case, the angular extremities of the 
contained solid bisects all the edges of the enveloping solid, with 
the exception of one instance, when, instead of bisecting the 
edges, it bisects all the perpendiculars of the faces. 

F 2 
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The Third, When the angular extremities of the contained 
solid terminate in the centres of the faces of the enveloping 
solid. 

The two first classes will be distinguished by the terms con- 
tained and enveloped ; and the third, by the terms inscribed 
and circumscribed. 



THE TRAPEZOHEDRON 



Of the relative position of the natural solids, when contained 
in the trapezohedron. 

I. The Rhomboidal Dodecahedron in the Trapezohedron. 

The acute angular extremities, of the contained rhomboidal 
dodecahedron, terminate in the acute angular extremities of the 
trapezohedron : and the obtuse angular extremities of the one, 
in the obtuse angular extremities of the other. The edges of 
the rhomboidal dodecahedron coincide with the short diagonals 
of the trapezohedron. 

2. The Octahedron in the Trapezohedron. 

The angular extremities of the contained octahedron, termi- 
nate in the acute angular extremities of the trapezohedron. 

3. The Cube in the Trapezohedron. 

The angular extremities of the contained cube terminate in 
the obtuse angular extremities of the trapezohedron. 

4. The Tetrahedron in the Trapezohedron. 

The angular extremities, of the contained tetrahedron, termi- 
nate in the alternate obtuse angular extremities of the trapezo- 
hedron. 
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5. The Cuboctahedron in the Trapezohedron. 

The angular extremities , of the contained cuboctahedron, 
terminate in the intermediary angular extremities of the trapezo- 
hedron ; and its edges coincide with the long diagonals. 
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Of the relative position of the natural solids, when contained 
in the rhomboid al dodecahedron. 

6. The Octahedron in the Rhomboidal Dodecahedron. 

Tlie angular extremities of the contained octahedron termi- 
nate in the acute angular extremities, of the» rhomboidal dodeca- 
hedron ; and its edges, coincide with the long diagonals. 

7. The Cube in the Rhomboidal Dodecahedron. 

The angular extremities of the contained cube terminate in 
the obtuse angular extremities of the rhomboidal dodecahedron ; 
and its edges coincide with the short diagonals. 

8. The Tetrahedron in the Rhomboidal Dodecahedron* 

The angular extremities, of the contained tetrahedron, termi- 
nate in the alternate obtuse angular extremities of the rhom- 
boidal dodecahedron. 

9. Hie 'Frapezohedron in the Rhomboidal Dodecahedron. 

The intermediary angular extremities, of the inscribed trapezo- 
hedron, terminate in the centres of the faces of the rhomboidal 
dodecahedron. 
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10. The Cuboctahedron in the Rhomboidal Dodecahedron. 

The angular extremities, of the inscribed cuboctahedron, 
terminate in the centres of the faces of the rhomboidal dode- 
cahedron. •- 



THE OCTAHEDRON. 



Of the relative positions of the natural solids, when contained 
in an octahedron. 

11. The Cube in an Octahedron. 

The angular extremities of an inscribed cube terminate in 
the centres of the faces of an octahedron. 

12. Tha Tetrahedron in the Octahedron. 

The angular extremities of the inscribed tetrahedron termi- 
nate in the centres of the alternate faces of the octahedron. 

13. The Trapezohedron in the Octahedron. 

The obtuse angular extremities of the inscribed trapezohe- 
dron terminate in the centres of the faces of the octahedron. 

14. The Rhomboidal Dodecahedron in the Octahedron. 

The obtuse angular extremities, of the inscribed rhomboidal 
dodecahedron, terminate in the centres of the faces of the octa- 
hedron. 

16. The Cubootahedron in the Octahedron. 

The angular extremities of the contained cuboctahedron 
terminate in, and bisect the edges of the octahedron; and its 
triangular faces coincide with the faces of the octahedron. 
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THE CUBE. 



Of the relative positions of the natural solids, when contained 
in a cube. 

1«. The Tetrahedron in a Cube. 

The angular extremities of the contained tetrahedron termi- 
nate in the alternate angular extremities of the cube; and its 
edges coincide with the diagonals of the cube. 

17. The Trapezohedron t» n Cube* 

The acute angular extremities, of the inscribed trapezohedron 
terminate in the centres of the faces of the cube. 

18. The Rhomboidal Dodecahedron in a Cube. 

The acute angular extremities, of the inscribed rhomboidal 
dodecahedron, terminate in the centres of the faces of the 
cube. 

19. The Octahedron in a Cube. 

The angular extremities of the inscribed octahedron termi- 
nate in the centres of the faces of the cube. 

tO. The Cuboctahedron in a Cube, 

The angular extremities of a contained cuboctahedron 
terminate in, and bisect the edges of the cube ; and its square 
faces coincide with the faces of the cube. 
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THE TETRAHEDRON. 



Of the relative position of the natural solids, when contained 
in a tetrahedron. 

21. The Trapezohedron in a Tetrahedron, 

The alternate obtuse angular extremities, of an inscribed tra- 
pezohedron, terminate in the centres of the faces of the tetra- 
hedron. 

22. The Rhomboidal Dodecahedron in a Tetrahedron. 

The alternate obtuse angular extremities, of an inscribed 
rhomboidal dodecahedron, terminate in the centres of the faces 
of the tetrahedron. 

23. The Octahedron in a Tetrahedron. 

The angular extremities of the contained octahedron termi- 
nate in and bisect the edges of the tetrahedron; and its faces 
coincide with the faces of the tetrahedron. 

24. The Cube in a Tetrahedron. ' 

The alternate angular extremities of the inscribed cube 
terminate in the centres of the faces of the tetrahedron. 

25. The Cuboctahedron in a Tetrahedron. 

The angular extremities of the contained cuboctahedron 
terminate in, and bisect all the perpendiculars on the faces of 
the tetrahedron; and its triangular faces coincide with the 
faces of the tetrahedron. 



THE CUBOCTAHEDRON. 



Of the relative position of the natural solids, when contained 
in a cuboctahedron. 

26. The Trapezohedron in a Cuboctahedron. 

The acute angular extremities of the inscribed trapezohedron 
terminate in the centres of the square faces of the cuboctahe- 
dron. 

27. The Rhomboidal Dodecahedron in a Cuboctahedron. 

The acute angular extremities, of the inscribed rhomboidal 
dodecahedron, terminate in the centres of the square faces of the 
cuboctahedron. 

28. The Octahedron in a Cuboctahedron. 

« 

The angular extremities of the inscribed octahedron termi- 
nate in the centres of the square faces of the cuboctahedron. 

29. The Cube in a Cuboctahedron. 

The angular extremities of the inscribed cube terminate in 
the centres of the triangular faces of the cuboctahedron. 

30. The Tetrahedron in a Cuboctahedron. 

The angular extremities of a tetrahedron terminate in the 
centres of the alternate triangular faces of the cuboctahedrou. 
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THEOREM I. 



The perpendicular of an equilateral triangle u divided by the 
centre into two parti, that art to each other a$ 2 : 1. 

In the triangle ABB (fig. 02,) the line An passes through 
the centre e, which centre cuts off en equal to half Ae. Because 
eDc and eBC are two equal, equilateral triangles, and the 
base eC, common to both, the line DB will bisect eC in *, 
making en equal to half eC, equal to half Ae. Therefore, 
the perpendicular, Sfc. 

THEOREM II. 

The two Diagonals of the face of a Rhomboidal Dodecahedron, 

are to each other, ae J2 ; 1. 

* 

AB and BC (fig. 34, J being the short diagonals of the 
jrhomboidal dodecahedron, they will likewise be the edges of the 
contained cube, which are consequently at right angles to each 
other; therefore AC the diagonal of the cube will be to either 
of them as V2 : !• But AC is equal to EF, one of the long 
diagonals ; hence EF, which is equal to AC, is to BC, one of 
the short diagonals, as */2 : 1. Therefore, the two diagonals, 

THEOREM III, 

The inclination of the faces of an Octahedron, are equal to the 
plane angles of a rhomboidal dodecahedron. 

If the perpendiculars Ac, cB, Bd and dA (fig. 42) be 
drawn, they will be in the same plane ; which plane will divide 
the octahedron into two equal parts, and the face of the section 
will be a rhomb, whose diagonals will be cd and AB, which 
tast is the axis of the octahedron. ADBC is a square of 
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which AB is a diagonal; therefore AB will be to BC, as the 
*/2 : 1; bat BC is equal to CF, equal to dc; consequently 
AB is. to dc, as ^/2 : I. Hence ^tclfcf will be similar to the 
face of a rhomboidal dodecahedron*, and because AcB is the 
obtuse, and cAd the acute inclinations* of the faces of an octa- 
hedron. Therefore, the inclinations, |rc* 

THEOREM IV. 

If through the centre of the face of a Rhomboidal Dodecahedron, 
a line be drawn at right angles to one of its edges; andfrom an 
obtuse angular extremity of the face another line be drawn 
parallel to the first mentioned line, these two lines will divide 
the edge into three equal parts. 

Let the section of the octahedron, fig. 42. be represented by 
ABCD (fig. 03,) a, the centre of the upper face, of which 
AD is the perpendicular, therefore Aa will be equal 
to \AD*; d, the centre of the lower face, of which CB 
is the perpendicular; therefore Cd is equal to £ CB, h equal 
a A ; ad, which passes through the centre b, is the altitude of the 
octahedron, and consequently is perpendicular to AD and CB; 
from A, draw Ac parallel to ad, a A being equal to Cd; cd 
will also be equal to dC, equal to £ CB, thence cB will like- 
wise be equal to £ CB. Therefore, if through the centre, Sfc* 

THEOREM V. 

The edge of the Cuboctahedron is equal to half the diagonal 
of the cube from whence the Cuboctahedron is formed. 

If all the edges of a cube (fig. 60) be bisected, and the acfc* 
cent points of bisection be united by lines, those lines will coin* 
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cide with the edges of the contained cuboctahedron ; if in one 
of the faces ABCD of a cube, the opposite points of bisection, 
a, c and h, d be united by lines, those lines will be parallel to the 
sides of the face, and will divide it into four equal squares, of 
which the edges of the contained cuboctahedron will be the 
diagonals ; bat the diagonals of each of the squares is equal to 
half the diagonal AC of the face of the cube. Therefore, the 
edges, Sfc, 

THEOREM VI. 

Lines drawn from the angular extremities of a Tetrahedron to 
to its centre, meet at angles equal to the obtuse plane angles, of 
thejaces of a rhomboidal dodecahedron. 

Because lines drawn from the angular extremities of a tetra- 
hedron, terminating in the centre of the solid ; divide it into four 
equal and similar triangular pyramids ; therefore the inclination 
of the sides of the pyramids, on their respective bases, will be 
equal to half the inclination of the faces of the tetrahedron ; 
equal to half the supplement of the obtuse inclination of the 
faces of an octahedron ; or half the difference of that inclination 
and two right angles. Hence if two of these pyramids be ap- 
plied, to the two adjacent faces of an octahedron ; the two sides 
of the pyramids which are united together, by the edges of the 
octahedron, will be in the same plane. If one of these pyra- 
mids be placed on each of the faces of the octahedron, there 
will be twelve such faces formed, one on each edge of the octa- 
hedron, making a dodecahedron ; but because no other dode- 
cahedron, than the rhomboidal dodecahedron can be formed oa 
an octahedron; so that the faces of the dodecahedron, shall 
hare a similar relation to (he edges of the octahedron; there- 
fore the summits of the triangular pyramids will be similar, to 
the obtuse solid angles of a rhomboidal dodecahedron ; conse- 
quently the obtuse plane angles of the one will be equal to the 
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obtuse plane angles of the other; but the obtuse plane angles 
of the triangular pyramids are formed, by the meeting of 
lines drawn from the angular extremities of a tetrahedron, 
terminating in its centre. Therefore, lines drawn, #c. 

Cor, Hence a rhomboidal dodecahedron is equal to its 
contained octahedron and two tetrahedrons, whose faces are 
equal to the faces of the octahedron. 

THEOREM VII. . 

Lines drawn from the angular extremities of a cube, terminat- 
ing in the centre ; meet together at angles, equal to the obtuse 
and acute plane angles, of a rhomboidal dodecahedron. 

Because lines drawn from the angular extremities of a cube, 
terminating in the centre, divide the cube into six equal and 
similar quadrangular pyramids ; therefore the inclination of the 
sides of these pyramids on their bases will be equal to half the 
inclination of the faces of the cube, equal to half a right angle ; 
if two of these pyramids he placed on two adjacent faces of a 
cube, whose faces are equal to the bases of the pyramids ; the 
two sides of the pyramids, united by the edge of the cube, will 
form a continued plane on that edge ; and if similar pyramids be 
applied to the remaining faces of the cube, they will consequent- 
ly form together a rhomboidal dodecahedron; therefore the 
summits of the pyramids will be similar to the acute solid angles 
of a rhomboidal dodecahedron (fig 04,) whose edges AF> Fi 
and FE, bounding the acute solid angle F, have the same 
inclination between themselves, as the obtuse and acute plane 
angles of one of the faces, because AF is parallel to mi, and 
FE is parallel to to, therefore the angle AFE is equal to the 
angle mio, one of the obtuse plane angles of the faces ; and AFi 
is one of the acute plane angles. Therefore, lines drawn, 4rc. 
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Car. Henoe the volume of the six pyramids wiH be equal to 
the volume of the contained cube. 

THEOREM VIII. 

Lines drawn from the angular extremities of an Octahedron, 
terminating in its centre will meet at right angles. 

Because lines drawn, from the angular extremities of an octa- 
hedron terminating in its centre, divide the octahedron into 
eight equal and similar triangular pyramids; therefore the in- 
clinations of their sides on their bases will be equal to half the 
inclination of the faces of the ootahedron, or half the supple- 
ment of the inclination of the faces of a tetrahedron : if two of 
these pyramids be applied to the faces of a tetrahedron; the 
sides of the pyramids, united by the same edge of the tetrahe- 
dron, will form a .continued plane on that edge ; consequently 
this plane will coincide with the face, of an enveloping cube* 
If similar pyramids be applied to each face of the tetrahedron, 
they will form a complete cube; one half oi the angular ex-, 
tremities of the cube, being formed by the summits of the pyra- 
mids ; therefore the summits of the pyramids will be similar to 
the solid angles of the cube; consequently the plane angles of 
the summits will be right angles; and the edges forming them 
will also meet at right angles. Therefore, lines drawn, <Jrc. 

TKKORXM IX. 
AXIS OF THE CUBE. 

A plane passing through three diagonals of a Cube, cuts off 
one third from its axis. 

From d and F (fig. 36), let fall the perpendiculars da and 
Fb, on the axis AB; because the angles FbA and da A are 



95 

both right angles, and the angle FAb n common to both: 
therefore the triangles FAb and dAa *re equiangular, and 
As: Mil Ad : AF: but ^rf is equal to half AF, therefore 
Aa it equal to ok Be c a m e C, D and E are equally distant 
from the axis AB, and from A, the extremity of 4hat axfe; 
therefore the axis ia perpendicular to the plane passing through 
these three points; and because the point d is in that plane, 
and dm is at right angles to die axis AS; therefore dm is in 
the plane passing through C, D and E, which plane cuts the 
axis AB, in a ; because Aa is perpendicular to the plane pas- 
sing through C, D and E; therefore all fines drawn in that 
plane, terminating in a, will be at right angles to the axis AB; 
hence Ea will be at right angles to AB. In'a similar manner 
it may be demonstrated, that cb h at right angles to AB, and 
consequently the triangles Bbc and BaE, will be right angled 
triangles, and having the angle EBa, common to both, the 
triangles will be equi-angular ; and Bb: Ba :: Bel BE; but 
Be is equal to half BE, therefore Bb is equsfr to half Ba, 
equal to ba; bat Aa was proved to be equal to 6a, therefore^* 
is equal to Bb; consequently the axis is divided into three equal 
parts by the points a and b. Therefore, a plane, #c. 

THEOREM X. 
THE SHORT AXIS OP THE RHOMfiOIDAL DODECAHEDRON. 



Jf a plan* pau through the acute solid angles of a 
Do decah edron, at right angles to its shortest axis ; it will out 
off ana sixth from that axis ; and passing through the obtuse 
angular extremities, it will cut off em third ; but passing through 
the centre of the face, it cuts off one half, or bisects that axis. 

On the face of the rhomboidal dodecahedron (Jig. 64,) let 
the perpendicular gl be drawn through the centre c; and ih 
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and tn be drawn through t and * parallel to gl; then will the 
edges, m% and to be divided into three equal parte ; and a 
plane, passing through gl at right angles to the axis AD, will 
bisect that axis in c ; and a plane passing through n at right 
angles to the same axis, will cut it in d, making cd equal to In ; 
if another plane pass through ih, in the same direction' it will 
cut AD in b, making be equal to hi; hence be and ed will be 
each equal to one third the edge mn. A plane passing through 
the acute angular extremities F and m, at right angles to the 
axis AD will pass through the long diagonal Fm, and bisect 
the short diagonal Ai in t, and because the eye is supposed to 
be, at an infinite distance from (fig. 64 ;) therefore planes pas- 
sing through the lines Fm, ih, fyc. at right angles to the axis 
AD, will disappear in these lines ; together with all lines drawn 
in the same plane; as the perpendiculars ta and ma,, drawn, 
from t and m on the axis AD, which perpendiculars coincide 
with, or disappear in the line Fm ; and the perpendiculars 
ib and hb drawn from i and k, which coincide with, or dis- 
appear in the line tA. Hence the triangles, Ata and Aib, 
have the angles Aat and Abi both right angles, and the angle 
%Ab common ; therefore Aa\Ab\\At\ Ai, but At is equal 
to £ Ai ; consequently Aa will be equal to half Ab~ab ; and 
because the perpendiculars, ma and hb, are parallel ; therefore 
ab=mh. Hence Aa and ab are each equal to one third of 
the edge of the rhomboidal dodecahedron. In a similar man- 
ner, it may be demonstrated, that De and ed are each equal to 
one third the same edge : therefore the axis AD is divided into 
' six equal parts. Hence a plane passing through the obtuse an- 
gular extremities t and B, at right angles to the short axis AD, 
will cut off Ab, equal to one third of that axis; and a plane, 
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passing through the acute angular extremities Faad m, at right 
angles to the same axis, cuts off one sixth from that axis. 
Therefore, if a plane, fyc. 

Cor. Hence the edge of a rhomboidal dodecahedron is 
equal, to half the shortest axis. 



THEOREM XI. 
THE LONGEST AXIS OF A RHOMBOIDAL DODECAHEDRON, 

If a plane pass through the acute angular extremities of a 
Rhomboidal Dodecahedron, at right angles to one of the longest 
axes, it will bisect that axis ; but if it pass through the obtuse 
angular extremities, it will cut off one fourth from the same 
axis. 

If a plane pass through (he acute angular extremities of a 
rhomboidal dodecahedron, at right angles to the longest axis, 
it will likewise pass through four long diagonals, and divide the 
solid into two equal parts, and bisect that axis. But if it pass 
through the obtuse angular extremities, at right angles to the 
same axis, it will at the same time pass through four short 
diagonals, and cut off a quadrangular pyramid, whose altitude 
will be equal to that part of the axis which is cut off by the 
plane; equal to half the altitude of the contained cube; but 
the altitude of the contained cube, together with the altitude of 
two quadrangular pyramids, situated on two of its opposite 
faces, are equal to one of the longest axes; and the altitude 
of either of the pyramids being equal to half the altitude of the 
cube ; consequently the altitude of one of the quadrangular pyra- 
mids is equal to one fourth of the longest axis. Therefore, 
if a plane, fyc. ■■ 

G 
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THEOREM XII. 

The long diagonal of the fate of a Trapezohedron cuts off one 
third from the short diagonal, or trisects it. 

Because a plane passing through the centre of the faces of 
a contained rhomboidal dodecahedron, at right angles to its 
shortest axis cuts off one third from the edges which are 
parallel to that axis * ; and because one of the edges of the con- 
tained rhomboidal dodecahedron coincides with the short 
diagonal gp, of the trapezohedron (fig. 66) ; and the above 
section passes through the long diagonal cd, that crosses the 
short diagonal gp. Therefore, the long diagonal, &fc. 

THEOREM XIII. 
THE SHORTEST AXIS OF THE TRAPEZOHEDRON. 

If a plane cut a Trapezohedron at right angles to its shortest 
axis, and pass through the obtuse angular extremities in the 
same direction, it cuts off one third ; and through the acute an- 
gular extremities, it cuts off one sixth; but through the inter- 
mediary angular extremities, it cuts off one eighteenth. 

BC (Jig. 66,) which is the shortest axis of the trapezohedron, 
is likewise the shortest axis of the contained rhomboidal dode- 
cahedron : because the obtuse angular extremities of the rhom- 
boidal dodecahedron coincide with the obtuse angular ex- 
tremities B, g and c, $*& of the trapezohedron ; and likewise the 
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acute angular extremities of the rhomboidal dodecahedron coin- 
cide in a (similar manner with the acute angular extremities Aip, 
fyc ; consequently whatever plane passes through the acute or 
obtuse angular extremities of the one, passes through the acute 
•r obtuse angular extremities of the other, and cuts the axis in 
a similar manner ; therefore a plane passing through the obtuse 
angular extremity g, at right angles to the axis BC, cuts of one 
third from that axis e ; and passing through the acute angular 
extremities A and i cuts off one sixth from the same axis e . 

To determine what portion of the shortest axis is cut off, by 
the plane passing through the intermediary solid angles n and 6; 
draw the triangle Bai (Jig. 65J, whose side Bi is equal to the 
short diagonal of a trapezohedron, and whose side Ba is equal 
to one sixth of the shortest axis, with an angle aBi equal to the 
inclination of the short diagonal of the face on the shortest axis; 
join « and t, then will ai be at right angles to aB. Because the 
long diagonal of the face of a trapezohedron cuts off one third 
from the ahort diagonal, make Be equal to one third Bi, .and 
draw e$ parallel to ia ; then will Bel Bi 11 B$ I Ba ; as Be is 
one third Bi, therefore Bs is one third Ba ; but Ba is equal 
to one sixth of the axis BC (fig. 66 :) consequently Bs (fig. Gb) 
is equal to one eighteenth of BC (fig. 06;) which is the part 
cut off, by a plane passing through the intermediary angular 
extremities n and b, at right angles to the shortest axis BC. 
Therefore* if a plane, Sfc. 

Car. Because the short diagonal of the trapezohedron is 
equal to the edge of the contained rhomboidal dodecahedron, 
it is equal to half the shortest axis. 
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THEOREM XIV. 
THE MIDDLE AXIS OF THE TRAPEZOHEDRON. 

If a plane pass through the short diagonal of a face of a 
Trapezohedron, at right angles to that face, it will bisect the 
middle axis; if another plane pass through the intermediary 
angular extremities, at right angles to the same axis, it will 
cut off one fourth; and if a plane pass through the obtuse and 
acute angular extremities next above, it will cut off one eighth 
from that axis. 

The trapezohedron (fig. 67,) is so placed, that one of its ob- 
tuse angular extremities / occupies the centre of the figure ; 
INi are three intermediary angular extremities ; H, a and e are 
three acute angular extremities ; O, h and b are three obtuse 
angular extremities ; six of the faces that bound the solid, dis- 
appear in the lines AB, BC, CD, DE, EF and FA, which 
lines are equal to the long diagonals of those faces. 

The long diagonals BC, Ni and FE, being parallel to the 
middle axis AD; they will be perpendicular to the plane, 
that cuts the axis AD at right angles through the extremity 
/, which plane will pass through the extremities a, I and b : 
and because Ba and Fb are are each equal to Nd, half the long 
diagonal Ni ; therefore the intermediary angular extremities, 
B, N and F, will be of the same altitude above that plane ; 
hence a plane passing through them will be parallel to it, and 
will consequently cut the axis AD at right angles. Because 
ABCDEF is a regular hexagon, therefore FB will bisect 
Al, making An equal to half AT, equal £ AD ; consequently 
a. plane, passing through the intermediary angular extremities 
F, 2V and B will cut off An equal to £ AD; and because the 
acute angular extremity H bisects AF, and the obtuse angular 
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extremity O bisects AB; therefore HG will be parallel to FB, 
and a plane passing through HO at right angles to AD will 
bisect An making Ar equal to half An equal to £ AD. There- 
fore a plane passing through the obtuse angular extremity G, or 
the acute angular extremity H, at right angles to AD, will cut 
off one eighth from the axis AD* 

Cor. I. Because Nd, which is equal to half Ni, is equal to 
nl, half AI; therefore the diagonal Ni is equal to half the mid- 
dle axis AD. 

Cor. II. Hence either of the diagonals of the face of a tra- 
pezohedron is equal to half the axis that is parallel to it. 



THEOREM XV. 



THE LONGEST AXIS OF THE TRAPEZOHEDRON. 

If a plane pass through tlie acute angular extremity of a 
Trapezohedron, at right angles to the longest axis ; it will bisect 
the axis : if it pass through an obtuse angular extremity, in 
the same direction, it will cut off one fourth ; but if it pass 
through the intermediary angular extremities next above, it 
will cut off one sixth. 

Because the longest axi9, of the contained rhomboidal dodeca- 
hedron coincides with the longest axis of the trapezohedron ; 
and likewise the obtuse and acute angular extremities of the one, 
with the obtuse and acute angular extremities of the other ; and 
because a plane passing through the obtuse angular extremities 
of a rhomboidal dodecahedron, at right angles to the longest 
axis cuts off one fourth from that axis ; therefore a plane 
passing through the obtuse angular extremities of a trapezo- 
hedron, at right angles to its longest axis, will likewise cut off 
one fourth from that axis. 

g'3 
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A, B, B, C and g (fig. €$) are the acute angular extreme 
ties, ot the trapesohedron ; h, a, c and e, the intermediary an- 
gular extremities; and d, an obtuse angular extremitj; AB 
k one of the longest axis ; dn is a perpendicular let fall from 
the point d, on AB ; and 6a is a perpendicular on the same 
axis, from^ the point b ; ac is a long diagonal of the face coin- 
ciding with ab. 

Because the obtuse angular extremities of a contained 
rhomboidal 'dodecahedron, coincide with the obtase angular 
extremities of an enveloping trapezohedron : therefore a plane, 
passing through the obtuse angular extremities d, at right 
angles to the axis AB, cuts off one fourth from that axis ; and 
a perpendicular, drawn from the angular extremity d, on A B, 
will bisect the semi-axis Ag, in n; if from the point b, where 
the two diagonals ac and Ad intersect each other, a perpendi- 
cular be drawn on the axis AB, the triangle aAb will be 
similar to the triangle nAd; therefore as Ab\ Ad\\ Aa\ 
An ; but Ab = % Ad therefore An = f An = | Ag = £ AB, 
Therefore, if a plane fyc. 



THEOREM XVI. 

The volume of a cube is to the volume of iU contained Tetra- 
hedron as 31 1. 

Because the plane' CDE {fig 36) cuts off a triangular pyra- 
mid, and likewise one third f of the axis A B % which is the alti- 
tude of that pyramid ; and the remaining part ab of the axis 
is equal to the altitude of the contained tetrahedron; therefore 
the altitude of the tetrahedron is equal to twice the altitude of 
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the pyramid; but the base UfCE is common to both; there- 
fore the volume of the tetrahedron is to the volume of the trian- 
gular pyramid, as 2 : 1. And because the cube is formed of a 
tetrahedron and four such pyramids. Therefore! the volume of a 
cube will be to the volume of its contained tetrahedron, <t* tt : 1 . <> 

THEOREM XVII. 

The volume of the Octahedron is to the volume of a Tetrahe- 
dron, whose faces are equal to the faces of the octahedron, as 
4:1. 

If an octahedron be divided into two quadrangular pyra- 
mids, each of those pyramids may be again divided into two 
triangular pyramids ; which triangular pyramids will have an 
equal base and altitude with the octahedron; consequently 
with a tetrahedron having equal faces with the octahedron: 
therefore the volume of the tetrahedron will be equal, to the 
volume of the triangular pyramid. But because an octahe- 
dron can be divided, into tour of the above pyramids ; hence 
the volume of an octahedron is equal, to the volume of four 
tetrahedrons, whose faces are equal to the faces of the octahe- 
dron. Therefore, an octahedron Sfc. 

THEOREM XVIII. 

The volume of a Tetrahedron is to the volume of its contained 
octahedron as 2 • 1. 

Because a tetrahedron may be divided into four tetrahedrons, 
and an octahedron, whose faces are equal, see fig. 25 ; and 
because the volume of a tetrahedron, whose; faces are equal 
to the faces of the octahedron are to that octahedron as 1 : 4 g . 
Therefore, the volume, fyc. 

_ _________ _____ __ — — . .... . . ■■ i i ■ .■ 
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THEOREM XIX. 

The volume of a Cube is to the volume of it* inscribed Octahe- 
dron, as 6 : 1. 

Because a cube is to its contained tetrahedron, as 3 : 1 h , or 
6:2; and the tetrahedron is to its contained octahedron as 
2:1'. And because the octahedron inscribed in the cube, is 
the same as the octahedron contained in the tetrahedron con- 
tained in that cube. Therefore by combining the above ratios 
it will follow that, the volume of the cube is to the volume of the 
inscribed oetahedron, as 6 : 1. 

« 

THEOREM XX. 

The volume of a Rhomboidal Dodecahedron is to the volume 
of its contained cube, as 2 I 1. 

Because a rhomboidal dodecahedron may be divided by its 
short diagonals, into six quadrangular pyramids and a cube ; 
and the volume of the six quadrangular pyramids being equal 
to the volume of the cube. k Therefore, the volume Sfc. 



THEOREM XXI. 



The volume of a Rhomboidal Dodecahedron is to the volume of 
its contained Octahedron, as 3 : 2. 

Because a rhomboidal dodecahedron is equal to its contained 
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octahedron, and two tetrahedrons, whose faces are equal to 
the faces of the octahedron 1 : and the two tetrahedrons being 
equal to half the octahedron. m Therefore, the volume Sfc. 

THEOBEM XXII. 

The volume of a Cuboctahedron is to the volume of its envelop- 
ing cube from whence it could be formed, as 6 : 6. 

The edge of an octahedron, contained in a tetrahedron, is 
equal to half the edge of that tetrahedron 11 ;, and the edge of a 
tetrahedron, contained in a cube, is equal to the diagonal of 
that cube • : therefore the edge of an octahedron inscribed in a 
cube, is equal to half the diagonal of the cube :' but the edge 
of a cuboctahedron is likewise equal to half the diagonal of the 
cube from whence it is formed p ; consequently, the triangular 
faces of the cuboctahedron, contained in the cube, is equal' to 
the faces of the octahedron inscribed in the same cube. The 
triangular pyramids, which must be cut off, from the angular 
extremities of a cube, to convert it into a cuboctahecbron, will 
have their bases equal to the triangular faces of the contained 
cuboctahedron ; equal to the faces of the inscribed octahedron: 
consequently, the triangular pyramids will be equal and similar, 
to the triangular pyramids, into which the contained octahe- 
dron might -be divided by lines drawn from its angular ex- 
tremities terminating in its centre 4 . Therefore, the triangular 
py rapids cut off from a cube, to convert it into a cuboctahe- 
dron, is equal to the octahedron inscribed in the same cube ; 
equal to one sixth of the cube*. Hence the cuboctahedron is. 
equal to five sixths of the cube from whence it is formed. 
Therefore, the volume, fyc. 
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The volume of the Cuboo t mhe dr o n is to the volume of its in- 
scribed Octahedron, as 5 : 1. 

♦ 

Because a cube is to its inscribed octahedron, as 6 : 1 * ; and 
to its contained cuboctahedron as 6:5*. And the octahedron 
inscribed in the cuboctahedron, being identical with the octa- 
hedron inscribed in the cube enveloping that cnboctahedron* 
Therefore by combining the above ratios, it will follow that 
the volume, fyc. 

THEOREM XXIV. 

The volume of the Trapezohedron is to the volume of Us con- 
tained Rhomboidal Dodecahedron, ai4:3. 

It was before shewn, page 46, that a trapeaohedron may be 
divided into twenty-tour quadrangular pyramids joined base 
to base in pairs; and that the one half are man inverted position 
to the other half; the inverted or 'interior pyramids forming 
the contained rhomboidal dodecahedron; and the other pyra^ 
mids, which may be esiled the exterior pyramids forming that 
part of the trapesohedron, which is not common- to the solids : 
and because the two kinds of pyramids have a common base, 
they will, consequently, be to each other as their altitudes ; from 
whence may be determined the ratios between the velum* of 
the trapezohedron, and its contained rhomboidal dodecahedron. 
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If a plane pass through one of the long diagonals, of the face 
of a trapezohedron; and cut the solid at right angles to that 
face ; it will pass through five other long diagonals, making the 
face of the section a hexagon; and will likewise divide ska of 
the exterior pyramids, and six of the interior pyramids, into* 
two equal parts, passing at the same time through their summits* 

To determine the relation* between the- volumes of the in- 
terior and exterior pyramids; let the face of the above section, 
of the trapezohedron, be represented by the hexagon fig 60. 
Draw AD, FC, BB and FB ; bisect AF in a, and draw ak 
parallel to FB; through v draw de, parraUel to FB, and 
join at ; through o draw ib parallel to FB; and join aeaad to, 
ahA will be the section of an exterior pyramid, and Ac its aM* 
tude ; ahb will be the section of the interior or inverted pyra* 
mid, and cv its altitude. The first thing to be determined is 
the ratio between Ac and cv, the altitudes of the-two pyramids. 

Ahn and nov being two equal equilateral triangles ; the base 
An will be equal to the base nv; and the perpendiculars Ac and 
oi will bisect these bases, in c and t ; making Ac, cm, ni and «\ 
all equal to each other ; therefore the altitude cv will be to the 
altitude cA, as 3 : 1. And because the two pyramids have a 
common base, they will be to each other as their altitudes ; con- 
sequently the volume of the interior pyramid will be to the 
volume of the exterior pyramid ae 3 ; 1. But the two pyra- . 
raids, taken together, are one twelfth part of the trapeaohedron ; 
and the interior or inverted pyramid is one twelfth part, of the 
contained rhomboids! dodecahedron ; hence, as these two 
pyramid* taken together are to the interior pyramid ; so is the 
volume of the trapezohedron, to the volume of its contained 
rhomboidal dodecahedron. Therefore, the volume, 8fe* 
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THEOREM XXV. 

The volume of the Tropezohedron is to the volume of id con- 
tained Octahedron, as 2 : 1. 

Because the trapezohedron is, to its contained rhomboidal 
dodecahedron, as 4 : 3 v : and the rhomboidal dodecahedron i* 
to its contained octahedron as 3 : 2 w : and as the octahedron 
contained in the rhomboidal dodecahedron is the same as the 
octahedron contained in the trapezohedron enveloping the 
rhomboidal dodecahedron ; therefore by combining these two 
ratios, it will be found that the volume of the trapezohedron will 
be to the volume of tie contained octahedron, as 4 : 2 or 2 : 1. 

THEOREM XXVI. 

The volume of a Trapezohedron is the volume of its contained 
Cube, ai8:3. 

Because the trapezohedron is to its contained rhomboidal 
dodecahedron, as 4 : 3 v or 8:6; and the rhomboidal dodeca- 
hedron is to its contained cube, as 2 : 17 or 6 : 3 ; and be- 
cause the cube, contained in the rhomboidal dodecahedron, is 
identical with the cube contained in the trapezohedron, en- 
veloping the rhomboidal dodecahedron ; therefore by combining 
these two ratios, it will be found, that the volume of the trape- 
zohedron is to be the volume of its contained cube, as 8 : 8. 

v Tbeo XXIV. ▼ Theo XXI. y Tbco. XX. 
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.THEOREM XXVII. 

e • 

The volume of a Trapezohedron is to the volume of its con- 
tained Tetrahedron, as 8 : 1. 

Because the trapezohedron is to its contained cube, as 8 : 3*> 
and the cube is to its contained tetrahedron, as 3 : l a ; and be- 
cause the tetrahedron contained in the cube is the same, as 
the tetrahedron contained in the trapezohedron enveloping the 
cube ; therefore by combining these two ratios, it will follow, 
that the volume of the trapezohedron is to the volume of its 
contained tetrahedron, as 8 : 1. 

THEOREM XXVIII. 

The volume of an Octahedron is to the volume of its inscribed 
Rhomboidal Dodecahedron, as : 4. 

In the rhomboidal Dodecahedron Jig. 64, the altitude ae, of 
the contained octahedron, is to AD, the altitude of the cir- 
cumscribing octahedron as 2 : 3 ; and as octahedrons are to each 
other as the cubes of their altitudes; hence these two octa- 
hedrons will be to each other as 2 s : 3 s : : 8 : 27, But the 
octahedron is to its circumscribed rhomboidal dodecahedron, 
as 2 : 3 b or 8 : 12. Therefore, by combining these two ratios, 
it will be found, that the rhomboidal dodecahedron is to Us 
circumscribed octahedron, as 12 : 27 or 4 : 9. 



* Theo. XXVI. a Tbeo. XVI. * Theo. XXI. 
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THBORKM XXIX. 

The volume of an Octahedron is to the volume of it* inscribed 
Trapezohedron, at 27 : 16. 

An octahedron containing a rhomboidal dodecahedron, also 
contains the trapezohedron enveloping the rhomboidal dodeca- 
hedron; the obtuse angular extremities of both terminating in 
the centres or the faces of the octahedron. And as the octa- 
hedron is to its inscribed rhomboidal dodecahedron as 9 : 4 c or 
27 ; 12 ; and as the rhomboidal dodecahedron is to its envelop- 
ing trapezohedron, as 3 : 4 d or 12 : 16. Therefore, by com- 
bing these ratios, it will follow that the volume of the octahedron 
will be to the volume of its inscribed trapezohedron, as 27 : 16. 

THEOREM XXX. 

■ 

The volume of an Octahedron is to the volume of its inscribed 
Cube, <w 9:2. 

The angular extremities of a cube inscribed in an octahedron; 
fend the obtuse angular extremities of a trapezohedron inscribed 
in the same octahedron, both 'terminate in the centres of the 
laces of the octahedron : and because an octahedron is to its 
inscribed trapezohedron as 27 : 16 e ; and the trapezohedron is 
to its contained cube, as 8 : 3 ' or 16 : 6 ; therefore, by com- 
bing these two ratios, it will be found, that the octahedron is to 
its inscribed cube, as 27 : 6 or d : 2. 

* Theo. XXYIII. d Theo. XXIV. « Theo. XXIX. t theo. XXVI. 
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THEOREM XXXI. 



The volume of an Octahedron is to the volume ofiti inscribed 
tetrahedron, as 21 : 2< 

Because the cube inscribed in the octahedron, contains the 
tetrahedron inscribed in the same octahedron ; both their an. 
gular extremities terminating in the centres of the faces of the 
octahedron. And because the octahedron is to its inscribed 
cube, as 9 : 2 * or 27 : 6 ; and the cube is to its contained tetra- 
hedron, as 3 : l b or 6:2. Therefore, by combining these 
ratios, it must necessarily follow, that the volume of an octahe- 
dron is to the volume -of its inscribed tetrahedron, «w 27 : 2. 

THEOREM XXXII. 

The volume of the Rhomboidal Dodecahedron is to the volume 
of its inscribed trapezohedron, as 16 : 9. 

Through A (Jig. 69 J draw tm parallel to ab, and produce va 
and vh, to rand m; the hexagon ABCDE and F being the 
section of a trapezohedron, ab will be the section of the face of 
the contained rhomboidal dodecahedron, and tm will be the 
section of the face of a rhomboidal dodecahedron enveloping the 
trapezohedron ; avh is the section of one of the quadrangular 
pyramids, into which the interior rhomboidal dodecahedron 
may be divided, and cv its altitude; tmv is the section of a 
quadrangular pyramid, into which the circumscribing rhom- 
boidal dodeoahedron may be divided, and Av its altitude. 
Because the contained rhomboidal dodecahedron is to the cir- 

g Tbeo. XXX. h Th*o. XVI 
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cumscribed, as those pyramids are to each other; and these 
pyramids are to each other as the cubes of their altitudes ; and 
their altitudes which are cv and Av are to each other as 3 : 4 ; 
therefore the contained rhomboidal dodecahedron is to the cir- 
cumscribed as 8* : 4* or 27 : 64. But the contained rhom- 
boidal dodecahedron is to its circumscribed trapezohedron; t as 
3 : 4 * or 27 : 36. Therefore, by combining these ratios, it will 
be found, that the volume of the rhomboidal dodecahedron is to 
the volume of its inscribed trapezohedron, as 64 : 36 or 16 : 9. 

THEOREM XXXIII. 

The volume of a Tetrahedron is to the volume of Us contained 
trapezohedron, as 27 : 8. 

Because a trapezohedron inscribed in a tetrahedron is the 
same, as the trapezohedron inscribed in the octahedron con- 
tained in that tetrahedron ; and because the tetrahedron is to 
its contained octahedron, as 2 : l k or 54 : 27 ; and the octahe- 
dron is to its inscribed trapezohedron, as 27 : 16 l . Therefore, 
by combining these ratios, it will be found, that the volume of 
the tetrahedron is to the volume^of Hs contained trapezohedron, 
as 54 : 16 or 27 I 8. 

THEOREM XXXIV. 

The volume of a Tetrahedron p to the volume of its inscribed 
"Rhomboidal Dodecahedron, as 9:2. 

Because a rhomboidal dodecahedron, inscribed in a tetrahe- 
dron, is the same as the rhomboidal dodecahedrbri inscribed in 
an octahedron contained in that tetrahedron ; and because the 



i Theo. XXIV- * Tbeo. XVIII. » Theo. XXIX. 
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tetiafcediren is toiteeortafeed octahedral, **2:l»or 1&:»; 
and tiie octahedron is to it* inscribed? rbombetdai dctieeafee^ 
dt*m y as ft : 4». Therefore, bjr combining the»<* ratios, it will 
be found, that the volume of the tetrahedton tot* the volume of 
Us uuoribed rhomboidml dodecahedron, ax 18 ; 4 orB: 2. 



THEOREM X*XY. 

The volume of the Tetrahedron is to the volume ofit$ intcribed 
cube, as 9 : 1. 

Because the angular extremities of a cube inscribed m ft 
tetrahedron terminate in the centres of the faces, of the octa- 
hedron contained in that tetrahedron ; which centres token alter* 
nately are the centres of the faces of the enveloping teurabecbron ; 
and because the inscribed cube is to the octahedron contained 
in that tetrahedron, as 9 : 2°; and the tetrahedron is to its eofe* 
tained octahedron, as 2 : IP or 18 : 9. Therefore, by combat- 
ing these two ratios, it will be found, that the volume of the 
tetrahedron if to its incribed cube, ms 18 : 2 or 9 ; I, 

THEOREM XXXVI. 

The volume of a Cube i» to the volume of its inscribed 7Va* 
pezohedron, as 3 : 1. 

• 

Because the angular extremitiea of an octahedron inscribed 
in a cube terminate in the centres of its faces ; and the acute 
angular extremities of a trapezohedron inscribed m the same 
cube, also terminate in the centres of the faces of the cube ; 



•Theo. XVIII. n Tlee, XXVII f. • Theo. XXX. P The©. XXVlfr. 

n 
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therefor* the octahedron inscribed in a cube will be exactly 
contained, in the trapezohedron inacribed in the same cube ; 
and because an octahedron is to its enveloping trapezohedron* 
as 1 : 2*; and the same octahedron is to its circumscribed 
cube, as 1 : 6*. Therefore, by combining these two ratios, it 
will follow that the volumes of the circumscribed cube wUl be to 
the volume of its inscribed trapezohedron, as 6 : 2 or 3 : i. 



THEOREM XXXVII. 



The volume of a cube is to the volume of its inscribed rhom- 
boidal dodecahedron, as 4:1. 



Because the angular extremities of an octahedron inscribed 
in a cube terminate in the centres of its faces ; and the acute 
angular extremities of a rhomboidal dodecahedron inscribed in 
the same cube likewise terminate in the centres of its faces: 
therefore an octahedron inscribed in a cube is exactly con- 
tained in a rhomboidal dodecahedron inscribed in the same 
cube ; and because .the octahedron is to the cube in which it is 
inscribed, as 1 : 6 s or 2 : 12; and the octahedron is to the 
rhomboidal dodecahedron that envelopes it, as 2 : 3*. There- 
fore by combining these two ratios, it will be found, that the 
volume of the cube is to the volume of its inscribed rhomboidal 
dodecahedron, as 12 : 3 or 4 : 1. 



« Theo XXV, 



r Theo XIX. »Tb«o. XIX. 
t Theo. XXI. 
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THEOREM XXXVIII. 

< ... 

r 

The volume of a Trapezohedron i* to its contained Cubocta- 
hedron, as 27 : 20. 

The cube, from which the cuboctahedron contained in a tra- 
pezohedron might be made, is called the supplemental cube ; 
and the cube, contained in the same trapezohedron, is called 
the contained cube, for the purpose of distinguishing them from 
each other : the relations between these two cubes must be first 
determined. 

The hexagon (fig. 69) is the section of a trapezohedron ; 
AB, BC, CD, Sfc. are six long diagonals of the faces of the 
trapezohedron ; but because the long diagonals of a trapezohe" 
dron coincide with, and is therefore equal to, the edge of a con- 
tained cuboctahedron; hence EF is equal to the edge of 
the contained cuboctahedron ; but the edge of a cuboctahedron 
is equal to half the diagonal of the supplemental cube; there- 
fore the diagonal of the supplemental cube is equal to AD. 

In the trapezohedron (fig. 67,) the obtuse angular extremi- 
ties, I, b, O and h, being the extremities of the contained cube ; 
therefore a line drawn through the trapezohedron, from O to h 
will be one of the diagonals of the contained cube, which is 
equal to kg (fig. 69) ; but as cubes are to each other as the 
cubes of their diagonals, and AD being equal to the diagonal of 
the supplemental cube, and kg equal to the diagonal of the con- 
tained cube ; and as kg is double hr, and AD double Av ; there- 
fore the two diagonals will be to each other as hr to Av, as 3 : 4 ; 
consequently the supplemental cube will be to the contained 
cube, as 4 3 : 3 3 or 64 : 27. 

• But the cuboctahedron is fire sixths of t£e supplemental cube : 
therefore the cuboctahedron will be to the contained cube, as 

£of64 : 27:: *$* : 27:: 1 } -27:: I60 : 81 ::5X2*:3\ 

H2 



Because the trapesohedron is to its contained cube, as 8 " 3 ■ ; 
and its contained cuboetnhedrcm m to the same cube, as 
1 |° I 27 : 1 ^V> I 3 I therefore by combining these two ratios, 
it will follow, that tbe oohme of the trepezohedron is la the 
vohme of its contained cuboctahedron, as* I iff:: 1 : ff.: * 2* 

:2o:: 3«:2*x6. 



THEOltEM XX*1X. 

The imhmsefthe fiiomboidal dodeeahedeo* is ta the volume 
of the cuboctahedron, contained in the same trapezohedron untk 
ttmif, me 81 : 80. 

r " Because the trapesohedron is to its contained rhomboids! do- 
decahedron, as 4 : $* or 1 : J; and to its contained euboeta~ 
kedrorit, as t : £$ *; therefore, by combining these ratios, the 
result willr be, that the vohme of the rhemboidal dodeemhedrom 
it the vohme of the cmbocta&edron, contained m the same tro> 
pezohedto» with itself, as |: |f ri-flfc: t*& :: 8l : 8o *" 

**:**Xfir. 



THBORBM XL. 

TAe voAcme o/#Ae cuboctahedron is to the vohme of the ecia- 
hedron, contained in the same trapezohedron with itself, as 
40:27. 

Because the trapezohedron is to its contained octahedron, as 
2 : 1 * or 1 : £, and to its contained cuboctahedron, as 1 : f^ y » 

n __, . . i - 1 •. i ~ * - • ■■---■" - -— ■ ■ 

i. XXVI- * thee, XHY. w Tkee, 
* 7fce«. XXT« tTIk^ XXXVIII. 
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Therefore, by combining these two ratios, it will follow, that the 
volume of the euboctahedron is to the octahedron, contained 
in the same trapezohedron with itself as fa : J ;: 40 : 27 :: 
ftx2»:3». 



THEOREM XLI. 

The mohme of the Vubeetmhndronii to the volume +fthc tetra- 
hedron, contained in the same Trapezohedron, as 100 : 27. 

Bedamse the cnbeeftahedpon is to Abe tab© eontawed in Ao 
same trapezohedron with itself, as 160 : 81 ■; and the cube is 
to its contained tetrahedron, as 3 : 1 * or 81 : 27; which tetra- 
hedron is identical with tbe tetrahedron contained in the same 
trapezohedron with itself. Therefore, bj combining these two 
ratios, ihe result will be, that the volume of the euboctahedron 
is to the volume of the tetrahedron, contained in the samt tra- 
pezohedron with itself, as 160 : 27 :: 5x2* : 3». 

ffHEOBEM MM. 

The volume of the Cujfoctahedrm is to* the vmhtrnt of 4m ton- 
taiutd trapezohedron, as 6 : 2. 

* • • 

Because the cube is to to inscribed trape*ohedron, as* :** 
or 6 : 2, and to its contained euboctahedron, atS : 4 C . ^%etra* 
fere, by combining these ratios, it wifl he found, that the volume 
of the euboctahe dron is to its inscribed frapetohedrtoh +* t -.*. 



»■ ■■ ■ * n 



• Tbeo. XXXVIIL » Theo. XVI. * Thee. XXXVl. 
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THEOREM XLIIi; 

The volume of the Cuboctahedron is to the volume of its in- 
scribed rhomboidal dodecahedron, as 10 : 3. 

Because the cube is tojits inscribed rhomboidal dodecahedron, 
as 4: l d or 12 : 3, and 'to its contained cuboctahedron as 
: 5 • or 12 : 10. Therefore, by combining these two ratios 
together it will follow, that the volume of the cuboctahedron is to 
the volume of Us inscribed rhomboidal dodecahedron, as 10 ; 3. 

THEOREM XLIV. 

The volume of the Cuboctahedron is to the volume of its in- 
scribed cube, as 45 : 16. 

Because the angular extremities of an inscribed cube termi- 
nate in the centres of the triangular faces of the circumscribed 
cuboctahedron ; therefore the edge of the inscribed cube will 
be equal to the distance, between the centres of two adjoining 
triangular faces of the cuboctahedron ; and the edge of the sup- 
plemental cube, or the cube from whence the cuboctahedron is 
formed will be equal to the diagonal of one of the square faces 
of the cuboctahedron* The relation between the supplemental 
cube and the inscribed cube must be first determined. ,., 

, From C (fig. 12,) draw two perpendicnlars Co and Ca, on 
the adjoining triangular faces ; these perpendiculars will, pass 
through the centres b and g of those faces ; join oa, and from 
C let fall the perpendicular Cd, it will bisect oa in d; and from 

* Theo. XXXVII. • The©. XXII. 
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the centres b and g let fall the perpendiculars be and gf; 
because the triangles hoc and cod are similar, therefore 
bo 1 Co '.I co I do, and because Cb is £ Co, therefore cd will be 
Jrfo; but cdis equal to df t therefore cfl oa'.l ed: od\\ 2 I 3; 
but oa is equal to BE, equal to the edge of the supplemental 
cube, and c/is equal to the distance between b and g 9 equal to 
the edge of the contained cube ; therefore the edge of the con- 
tained cube is to the edge of the supplemental cube, as 2 ; 3 ; 
but cubes are to each other, as the cubes of their edges ; there- 
fore the contained cube is to the supplemental cube, as 8 : 27 
or -fa T 1 ; and the cuboctahedron being to the supplemental 
cube as 5 : 6 f or £ : I : therefore by combining these two ratios 
it will be found, that the volume of the cuboctahedron is to the 
volume of its inscribed cube, as $ : ^ : : ^ : T ^\ : '. 135 : 48 : f 

45 : i6::2*:3*x5. 

THEOREM XLV. 

The volume of the Cuboctahedron is to the volume of its in- 
Mcribed Tetrahedron, as 135 I 16. 

The angular extremities of a tetrahedron inscribed in a cub- 
, octahedron terminate in the centres of the triangular faces of . 
the cuboctahedron, and likewise the angular extremities of the 
inscribed cube; consequently the inscribed cube contains the 
inscribed tetrahedron ; but the inscribed cube is to its circum- 
4 scribing cuboctahedron as 16* -45 * or 48 ; 135, and the cube 
is to its contained tetrahedron, as 3 : 1 fa or 48 : 16 : therefore 
by combining these two ratios, it will follow that the volume 
of the cuboctahedron is to the volume of its inscribed tetrahedron, 

« 135: 16:: 5x3 3 :2«. 



* TKeo. XXIT. s Theo. XL! V. h The©. XVI. 
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THCOKBM- XLTI. 

The volume of a Rhomboidal Dodecahedron is to the vohuM 
of its inscribed Cuboctahedron, as 12: b. 

The angular extremities of a cuboctahedron inscribed in a 
rhomboidal dodecahedron terminate in the centres of its faces, 
and bisect the short diagonals ; consequently the angular ex* 
tremities of the cuboctahedron terminate in, and bisect the edges 
of the contained cube ; but the rhomboidal dodecahedron is to 
its contained cube as 2 1 1 * or 12 : 6; and the cube is to its 
contained cuboctahedron, as 6 : 5 k : therefore, by combining 
these ratios, it will be found, that the rhomboidal dodecahedron 
u to its contained cuboctahedron, as 12 : 5 :*. 3X2* : 6. 



THEOREM XLVII. 

The volume of the Octahedron is to the volume of its 
Cuboctahedron, as 8 : 6. 



The centres of the triangular faces of a cuboctahedron con* 
tained in an octahedron coincide with the centres of the facet 
of the octahedron ; consequently the cube inscribed in the oc- 
tahedron is identical with the cube inscribed in the cubocta- 
hedron; and as the octahedron is to its contained cube, as ; 2 } 
or 72 : 16 ; and the cuboctahedron is to its contained cube as 
46 : 16 m : therefore by combining these ratios, it will follow 
that the volume of the octahedron is to the volume of its con- 
tained cuboctahedron, a* 72 : 46 ;; 8 : 5 ;; 2 3 : 5. 

ft TImo. XX. * The*. XXIL l Thee. XXX. v Thto. XLIV. 
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THKOiEM XLVUl. 

The Volume qfihe Tetrahedron it M> ike volume of its contained 
Cuboctahedron^ as 16 1 5. 

Hie cuboctahedron contained in a tetrahedron is identical 
with the cuboctahedron contained in the octahedron, which is 
contained in that tetrahedron ; and as the tetrahedron is to its 
contained octahedron, as 2 : 1 n or 16 : 8 ; and the octahedron 
is to its contained cuboctahedron, as 8 : 5 • : therefore, by com- 
bing -these two ratios, it will follow, that the volume of the tetra- 
hedron, is to the volume of its contained cuboctahedron, as 

16: 6 ::*-*: g. 

n Theo. XVIII. • The*. XL VII. 
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DEMONSTRATIONS 



OF A VARIETY OF PROPERTIES BBLONGIN0 TO THB 



ARTIFICIAL SERIES. 



THBOBtM «JX. 

That the fine Platonic bodies are the only solidi that cam be 
made of equilateral and equiangular plane Jigures f without lav- 
ing at the same time re-entering, angles. 

To demonstrate this, the first thing to be considered is, what 
variety of equilateral and eqia-angolar plane figures there are or 
can be made, from which solids of the above description might 
be formed. 

The most simple plane figure is the equilateral triangle which 
has the smallest number of sides a plane figure can possibly be 
made with, the next in order is the square, the pentagon, the 
hexagon, &c. 

Because a solid angle may be formed of any number of 
plane angles, not less than three, providing their sum is less 
than the sum of four right angles ; therefore three equilateral 
triangles placed together will make, a solid angle, from whence a 
tetrahedron may be formed ; and four equilateral triangles placed 
together will make a solid angle from whence an octahedron 
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may be formed; likewise fir* equilateral triangles placed togSK 
gether can make a solid angle front whence an wowheckrom. 
may be formed; .because in neither of these case* does tlie sum 
of the plane angles asieunt t» fear right angles. Jhrt sii eqnir 
lateral triangles placed together cannot make a solid angle be- 
cause their sum equals four right angles. 

Three squares placed together wiU make a. solid angle from 
whence a Cube may be formed; tat because the angles of a 
square aire right angles, therefaDe,Jour erf then* placed together 
cannot make a solid angle ; consequently a cube is the only 
solid that can be made entirely el squares. 

Three pentagons placed together are capable of making » 
solid angle from which a dodecahedron may be formed, but 
because the angle of a regular pentagon is greater than a right 
angle, more than three pentagons cannot be placed together to 
form a solid angle ; therefore the dodecahedron is the only solid 
that can be made of regular pentagons. 

The sum of three angles of a regular hexagon being equal to 
the sum of four right angles, therefore they are incapable of 
being placed together to form a solid angle; consequently a 
solid: cannot be formed of hexagons only, and still less ot amy 
plane figures with a greater number of sides. Therefore it has 
been demonstrated that the tetrahedron, the octahedron, the 
icosahedren, the cube and the dodecahedron are the only solids, 
tbat can be formed of equal, equilateral and equiangular plane, 
figures, and at the same time have no re-entering angles. 

The plane figures hitherto considered are formed entirely of 
salient, and none of re-entering angles the same may be said of 
the solids formed of those plane figures. 

The French Mathematicians in consequence of making use 
of re-entering angles have discovered a new species of dode- 
cahedron, agreeing with the dodecahedron already described 
being formed of twelve equal, equilateral and equiangular pen- 



126 

tagons, and yet it has not the leaat resemblance to the regular 

dodecahedron at first sight 

- In the algebraic calculation, to ascertain the length of 

die side of a pentagon to be inscribed in a given circle, 
there arises a quadratic equation which has two possible roots, 
hence two lines are given of different lengths to form a pentagon 
within the given circle, consequently there must be two kinds of 
pentagons, one of these pentagons are formed entirely of salient 
angles fig. 59, and the other of salient and re-entering angles 
fig* 60, which may be called the re-pentagon. 

AB (fig. 69), is the shortest line, from which that penta- 
gon is formed, and AB (fig. 60.) is the longest line, from 
which that re-pentagon is formed, whose sides are AB, 
BC, . CD, DE, and ISA, forming a small pentagon aboed 
in the middle, if the re-pentagon fig. 60 be considered as 
the face of a re-dodecahedron, the small pentagon in the middle 
will be the face of the ordinary dodecahedron, and the five 
isosceles triangles around it will be the faces of the pentahedrons, 
on the adjoining faces of the regular dodecahedron. 

< The re-dodecahedron (fig. 24) is made from the ordinary 
dodecahedron, by placing pentagonal pyramids on each of its 
faces, of such a proportion that the inclinations of any one of 
the pyramids on its base will be equal to the supplement of the 
inclination of the faces of the ordinary dodecahedron to each 
other; or the sides of the pyramids must be in the same plane, 
with the faces of the dodecahedron, adjacent to the face on 
which the pyramid stands. 

. If the pyramid a of the re-dodecahedron, fig. 24, be re- 
moved, one of the faces of the re-dodecahedron will become 
visible, whose sides will be dn, nc, ce, eb, and bd; which is 
similar to the re-pentagon, fig. 60. 
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THEOREM L. 

That the triangular faces of a Pentahedron have each of the 
angles at the base double the third angle. 

Let the pentagon abced (fig. 60,) be the face of a contained 
dodecahedron, Ada the face of a pentahedron, on one of the ad- 
joining faces of the dodecahedron, Aa and ab will form one 
continued straight line. Because the angle dab of a regular 
pentagon is 108 Q . therefore Aadss r 72°=Ada ; and therefore 
dAa=36? equals half 72°, equals half the angle at the base* 
Therefore the triangular faces, Sfc. 



• THEOREM LI. 

r 

That the Pentagon drawn on the triangular face of a Penta- 
hedron is equilateral and equiangular. 

The method of drawing this pentagon has been given in 
page 63. 

The triangular face of a pentahedron is an isosceles triangle 
having the angles of the base each double the third angle ; there- 
fore the angle BCA (fig. 54) and CBA are each double CAB. 
Aa=aB, and ba is perpendicular to AB therefore bA=bB ; 
because cA=cC, and cd is perpendicular to AC therefore dA= 
dC: and because the side AB=AC and the angle BAC com- 
mon to both the triangles bAB and dAC, therefore they will be 
equal and similar to each other, and to the triangle CrB 9 the 
angles of whose base are each equal to the angle CAB. But 
CrB=brd, therefore nbr=brd~rde, therefore Brd=Bdr, and 
because Ane~Aee, the two triangles nAe and rBd are similar, 
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and because Bd equals At they are equal : hence enk^ned^ 
edr 9 therefore the pentagon is equiangular. 

Because the triangles nAe f dBr, and rCb are equal and 
similar, *c==dr=r& ; and because Ad=dC and eA^rC 9 there- 
fore de=dr: likewise *o=6r. Therefore the pentagon nerfro 
is equilateral, which was to be demonstrated. 



Three solids having been described, namely, the rhom- 
bohedron, the rhomboidal dodecahedron and the triacontahe- 
dron, each of which are formed of equal and similar rhombs ; 
and likewise three solids, namely, the trapezoidal dodecahedron, 
tjie trapezhedron, and the hexacontahedron, each of which are 
formed of equal and similar trapezoidal faces ; some readers may 
be curious to know, it it were possible to make other solids of 
any other number of equal and similar rhombic, or trapezoidal 
faces, than those already employed: to gratify such readers 
the following theorems are introduced. , 



THEOREM HI. 

The Rhomboidal Dodecahedron and Triaeoniahedron are the 
only solids that can be formed of equal and similar rhombs; 
grouped together in such a manner, that their obtuse plane 
angles meet to form the obtuse solid angles; and their acute 
plane angles meet to form the acute solid angles. 

Because a solid angle cannot be made of more than three 
equal obtuse plane angles, each of which plane angles musjt be 
less than 120*, therefore' the acute plane angles of each of the 
rhombs must be greater than 60°, but more than five equal 
plane angles each greater than 60° cannot make a solid angle, 
therefore five rhombs is the greatest number that can be unitedf 
together by their acute plane angles to form a soEd angle : 
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faftMe the friacMtdM^rai is formed of the greatest au-oiber of 
equal «*d timiJefrrltombs with which a solid een be made. Sour 
rhombs may be united together by their acute angles* 
whence may be formed a rhomboids! dodecahedron,- 
•slid Tanks next to to the triecontahedroiL Threq rhomfe* 
may be mated by their acute plane angles, from whence afti 
acute rhpmbohedron might he formed; but this solid doe* not 
answer the conditions stated, which are, that the amjidareflL^ 
tremitfeB should be each formed of eqnal plane angles, whereas 
ana set of its angular extremities are formed of two obtuse, {dans 
angles and one acute. If tinrec rhombs were united fey their 
obtuse plane angles, they would form the summit of aaobtuaa* 
rhombohedrori, But this solid, like the acute, does not answer 
me conditions, agreeing only with one half; the acute rhombo- 
hedron having one set of its angular extremities formed by me 
meeting of equal aotrte plane angles, and the obtuse rhombohe* 
dron having one set of its angular extremities tirmed by fbm 
meeting of equal obtuse plane angles, so that' taken together; 
they answer the condition*, though neither of them itepareteljt 

aaa«a r a ai A a) T ~ ai ai « In a. * ^ *4k°* * 

IHLa^^ il,-a 4 La* ■< L"«» -»-- -L lllt-i'f ¥ taWatJVah aM*_K I- flU flail _L*A - 

JLmertjoro, tne tmomeotaai uOuecnnoaron 9 qre. 

* ' — • - • .•!... 

THEOREM . LIU. . 



Titers u no solid that can be farmed of equal and 
Trapezoidal faces grouped together like the face* of the Trape- 
zohedron with any other number of facet than either 12, 24, or 
60. 

The angles of the faces of a trapesohedron are of three kinds, 
one obtuse, one acute and two equal and opposite, and as more 
than three equal obtuse plane angles cannot form a solid angle, 
each of which must be less than 120*, and because four of the 
«qual and opposite angles meet together to form the intermediary 
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solid atngfe each of which must consequently be left* than »•»*: 
therefore 'the sum of the obtuse and the two equal and opposite 
plane angles mast be less than 300°; hence the acute plana 
angles most be each greater than 60°, therefore, six of the 
above trapezoidal faces cannot be united together by their acuta 
plane angles to form a solid angle, consequently the hexaot>nta~ 
hedron is formed of the greatest possible number of equal and 
similar trapezoidal faces, grouped together in a similar manner* 
as the faces of the trapezohedron. Because the acute angular 
extremities of a trapezohedron are formed by the meeting 1 of the 
acute angles of four trapezoidal faces, therefore it is next in 
cader to the hexacontahedron. And because the acute angular 
extremities of the trapezoidal dodecahedron is formed by the 
meeting of the acute angles of three trapezoidal faces, therefore- 
it is next in order to the trapezohedron. And as a solid, angle 
cannot be formed of less than three plane angles, therefore the 
trapezoidal dodecahedron is formed of the least possible num- 
ber of equal andaimilar trapezoidal faces* Bat. the hexacontsx 
]|ednm, the. trapezohedron. and the trapezoidal .dodei^ahedron. 
may each have their axis either elongated or shortened without 
altering the general form of their faces, hence an indefinite 
variety of solids may be formed with either 12, 24, or 60 
equal and similar trapezoidal faces, but not with any other num» 
her. Therefore, there u no wlid, Sfc. 
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PBOBLEM I. 

% 

Required, in the regular Dodecahedron, the angles oj 
Hon of the faces and edges to the axis passing through one of 
the angles ; and also the mutual inclination of two adjoining 
faces. 

Let ABCDE (fig. 59.) be one of the faces pf the dodeca- 
hedron: let AB, one of the sides, be = e; AE, an oblique 
diagonal, =» b. Then e is to b, at the smaller portion of a line 
divided into extreme and mean ratio is to the larger; that is, as 
1 to £(1+ a/ 5 )- Let £ (1 + ^5) =»: then will b = m e. 

Let GHIJKLM (fig. 50.J be the section of a dodecahe- 
dron passing through the centre G and two opposite edges, 
6H and LK ; GM, ML, and, HI, IK, being perpendiculars 
on the lateral faces from the angles . G, H, L, K ; . and GK t 
HL. being axes drawn through the same angular points. 

Let NPQR be the section of the inscribed, or generating 
cube : the side of which, NP,will be equal to the obliq ne diago- 
nal of the pentagonal face, or b. Draw NH, which will be the 
section of the equilateral triangle formed by the oblique diagonals 
of the three faces which compose the solid angle G, and which 
subtend that angta NH will be the perpendicular from the 
rertex H, of that triangle, to the base : it will therefore be to 
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the base b, as 1 to£ ^3; or, calling it />, p = |b^/3 **imej*. 
The axis GK will be perpendicular to th© triangle, and there- 
fore perpendicular to NH. Draw MI through the centre, and 
parallel to GH. 

Let the angle HGX = e 

*- N€fcX = (f> 

GMI = n 

* Sin. HGX = 2?* or, HX being = L NH* 1 D and 

v * i 

felj = e, * 

Sin, f = 2 4 = m 



3 • >/3 ' 

Sin. 
V/l^Sin.*T 



_ Sin. * m , % » 



NX being =lNHx=i XH, 

c Ifcrig. kb'^1. Tafcg. e =sr A m* 

° T v a 

•■ • 

HGM and GMI being supplementary angles* 
.Twig; n » - Taftig. (« + # -» - t _ ' ^ m4 — »• 

» » . 

Hence, Tang. £ = m* = * (3 + «/5) = 2.618034 : 
T^ng.^ = |w 9 =|(34-V 6)= 1.309017: 
Tang. iy « »i == ^ (l + v* o|±i: 1.618034: 



The Angles 



r £ = 69° 5' 41" *: 

i ^ =£ 52* 3' 721" | 

( r, =s= 58° Trf 57". ; 



* Therefore the angles of inclination of the axis with the edge 
\= a ) = 60* 5' 41* i ; with the face (= <f) « 52° 3f 21" \ ; 
<and thekatnal inclination of tke fifces (±= 9 ♦?) =** il6° 33' ft4* 



t 
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' PROBLBAC II. 



To find in the regular Icosahedron, the angles of inclination of 

the axis with the faces and edges ; and the mutual inclination of 

, »* 

two adjacent faces* 

* Let B bfSW (fig. 49.) be a section of a dodecahedron 
through the centre C and two opposite edges B b B b, and * 
L / g L' I' G be a section of an icosahedron, having the same 
centre as the dodecahedron, and haying the axes, as L L and 
//', passing through the .angular points, perpendicular to the 
Aces of the dodecahedron, as BF, Vb\ bf B/: and such 
that the edge LI shall in its middle point F, coincide with the 
Sedge of the dodecahedron formed by the junction of the twe 
laces of which the sections are FB and F b\ Hie edges of the 
two figures thus reciprocally bisecting each other at right angles ; 
the edges common to the planes of the faces of the icosahedron', 
of which the sections are LG, V G, lg, t g, will therefore 
£eincide)with the points G and g f bisecting .the edges B fr, B* ft 
of the dodecahedron. .') :•• > 

L C being perpendicular to B F, and B C to L G, the angle 
FLC, which is the angle between the axis and edge of the 
icosahedron, is equal to B Q F, or half the angle of the mutual 
inclination" of the faces of the dodecahedron (=* tj) of which 
the tangeh^ was found, by th« former problem, tobe= m, 
or|(l+>/5). ' ' v • ' 

AJsp the angle* GL C, or that between the axis' and fade of 
the icosahedron, is equal to C B F, both being the- complement 
0f LCB; and therefore, by the iast problem, its tangent =^m f . 
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Lastly, the angle L G C, or the mutual inclination of the bees 
of the icosahedron = G B C, = *, of which the tangent ia m*. 
Therefore, in the icoaahodron, the angle between the axis and the 
edge=58° 1*67"; between the axis and face =62° 37 21" 4. 
and the mutual inclination of the faces = 2s = 138° 11' G3''. 

Corollary. The angle L C B between the axes of the two 
figures, ia the complement of CLG or C B X ; and ia thorc- 
. fore=37°22'38'f 



The same results may be obtained quite independently of the 
dodecahedron, by drawing, in the section aa before described, 
4he line Lg, which will be the section of the base of a pent** 
gqnal pyramid, having, the, angle at I for its summit. L g- wifl 
he the perpendicular drawn from the angle L of the pentagon 
to the opposite side ; and it will be divided by the perpendi- 
,enlar axis tc into two portions, L V, V^. Let the side ED 
*f the pentagonal base, (fig* 6&,) be =e, AE = £, AP, 
(perpendievlar to, arid bisecting ED,)=r/> # AG zx w± 

CP=t>. 

' Draw CZ perpendicular to AE ; AZ = $ & = £ em. 
AP= v^AJi* — EP» or p = v/EE^i = </** m*—\e* 

ab:: az:ac -±^=|« ^-. •^--* 

AC(=AP— AC) rCPriwip-w^r)::*^-^: 

• ii/* 1 <s/5- * \Z-^W :: I •' J w and e =s w sr. 
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i 
■ ' .1 

Let the angle Lie (fig. 51 J = n; U = e j" LV = < vZ-jg. 
Sin. , = 1L = \/-£-; 

Tang.^ = |m; Tang, ? = \ m* ; 

Tang. , - -tang.fr + f ) « - »"» * + tan *' » 
—6 e\f-rr/ 1 — tang. 17. tang, f 

W + JW* . m 2 



PROBLEM III. 

1 To find the ratio between the volumes of the Triacontahedron, 
md its inscribed dodecahedron and icosahedron. 

« 

: Let the Octagon L / 6' BL'/' 6 B (fig. 49J be the section of 

the rhomboidal triacontahedron passing through the centre, C, 

parallel to one of the faces : and let B b/V b' F be die section 

«f the inscribed dodecahedron, and L Ig L' t G, that of the in- 
scribed icosahedron; L L',ll', being two of the longer axes 

passing through the summits of the five acute angles of fire ad- 
jacent faces, and BJ5 &#, the shorter diameters passing through 
the summita of the three obtuse angles of three adjacent faces. 
The former being the axes of the icosahedron! the latter the 
axes of the dodecahedron. L I, L' /', will be the longer diago* 
nals ; B o, B 0', the shorter diagonals of the rhomboidal laces. 
L B, L' B' will be two opposite edges of the triacontahedron, at 
also lb, \'V\ which will be bisected in F,/, G, g respectively. 
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Then points will be equally distant from the centre, or CF= 
CG=Cf=Cg. ' 

The solid pentahedral angles having L, I/, /, /', for thei/ 

summits, when cut by a base having the short diagonals of the 

faces for their sides, compose pentagonal pyramids; BF, 

~Fb',.bf, fB' Being the sections of the bases, and the perpendi- 

i 
culars, in those bases, from the angular points B, b, B', V to their 

opposite sides. ' ' 

The inscribed dodecahedron may in like manner be divided 

into twelve pentagonal pyramids, having each of the faces for 

the base of each pyramid, and their common vertex being at 

the centre of the solid. The former pyramids will be to the 

latter as the perpendicular LX to the perpendicular CX ; or 

the whole of these, composing the triacontahedron> will be- to 

r 

the latter, or the inscribed dodecahedron, as CL to CX. 

In like manner the solid trihedral angles B, b, B', b, com- 
pose pyramids by . sections through the long diagonals of the 
faces of the triacontahedron, of the bases of which LG, I fa 
L'G', I'g are the;, perpendiculars : -and dividing the inscribed 
icpsahedron into twenty pyramids, having one of the facets as 
the base of each, and making the centre their common vertex c 
the triacontahedron will be to the icosahedron as the united 
perpendiculars Cfi and /SB, or OB, is to C/3.' 
9 • Let the volume of the triacontrahedron be*=T : that of th» 

inscribed dodecahedron = D, and that of the inscribed icosahi*» 
dron =s I. 
m . Let CB=R, €/3*=r', CL«R and CA«n 



Am before let the angle CBG=e ; CLF=iy : In the triangle* 
CBG and CLF the angles LFC and BCG being right anglei 
and CF = CG ; CB : CL (: : R : BT) : : Cosec. CBG : Cosec* 

CLF:: Sin. 1,: Sin.,:: ^-^ : ^: : Va : v=7i 5 

CL : CjS : : Radius C Sin. CLfi = Sin. CBF=Sin. f. 

, tang. <f> m 

TaBg.^=JLm* ; Sin.^ = 

Therefore R : f \\ T : I :: 3 : m* :: 6 : &+ \jb. 
' The similarity of the triangles LC/3 and BCX gives us 

CX:C/3 ;: CB : CL :: r'rr-R: R :: y/m7bl^^ 

Therefore R' : r\\ T : D :: ,/5 : m :: 2«/5 : HV6. 

D:l::3:«t>/5 ::e:5+>/5. 

Lx : Cx: : jb — i : V&+ 1 : : 16 • 3 +V 6 - 
Bj3 : LX ;; 3 — 5 : 3+^5 :: Lx* : Cx«. 



v/l + lang*. f Vi+2 
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Corollary 1. The tangent of the angle CLB, between the long 
axis and. edge of the triacontahedron == 2 ; for it is to the tan- 
gent ~FLC (=«) as Bx : \t : : i» : 2. The angle is there- 
fore = 63° 2<T «r. 

- 2. The tangent of the angle CBL, between the .short axis and 
the edge of the triacontahedron = twice the tangent CBG, 
(for L0i=2/3G) =* 2««. The angle is therefore = 70° 11' iti'. 
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PROSLBM IT. > 

To find the ratio between the ilexacontakedron and to t*~ 

ocribed Triacontahedron. 

i • • • 

The section of the Hexacontahedron through the centre and 

the shorter diagonal of a face, presents a regular decagon, of 
which let XY, XY' (fig.bl) be two of the sides, C being the 
centre. Let CX = R. The bases of each quadrilateral pyra- 
mid formed by four long diameters of the ftmr adjacent sides/ 
will coincide with the faces of the inscribed triacontahedron. 
The section, foe instance, of (he base of that pyramid whose 
apex is at J£ , Will be BBT, and the perpendicular from the apex 
of the pyramid to the base, will be 2£P == t\ 

Let the inscribed triacontahedron be divided into thirty pyra- 
mids, having its faces for their respective bases, and their com- 

9 

mon vertex being at the centre. Each of these will be to each 
of the former as the perpendiculars CP to XP, since they have 
the same base common to both. The whole of the pyramids 
therefore, that is the whole hexacontahedron (=H) will be to the 
latter, or the triacontahedron (=T) as CX to CP : : tt ; R— v. 

XY = R-; XZ « Bgj; XP « — g-, or v =* B^y, 

H : T:: R: R- «:: 4m* : 4m«— i:: 2m : ^6-.: i+V5 : */h. 
ConUary. H;|;:6:W5:: }2:5W6; H:D::a:j- 
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ERRATA. 



Page % line 7, dele (Jig. 16J 

4b. last line, for sixt, iav hngy read sixty having. 

7, line 4 from the bottom, for Ata read Aa 

10, line 20, for 84 read 48 ** 

11, linel, for 92 read BO 

25, line 13, for ud read uj) 

31, lines 7 and 10, for concide read coincide 

34, line 1, for octahedron read cuhe 

36, line 11, for 46" read 47" 

ib. line 4t from the bottom, for 11 read s/\\ 

' 38, line 3, for 30 read 6 

39, line 10, /or 70 read 71 

53, last line, for are read is 

54, line 11, for 32, read V32 

64, line 2, /or dodeuahedron read dodecahedron 

- £6. 4, /rom f Ae bottom, for of read if 

69, line 6, /or 96 read 100 

90, tine 5, for eDc read eDC 

- 107, line 14, for ahb read ahv 

108, line 1 3, for is the read is to the 

Ill, line 17, for ab read ah 

127. last line, for Aee tead Aen 

134, line bfrom the bottom, for (j> = 52° VS 721* \ read 

$ = 52° 37' 21" J. 
136, last line, for v = m w read v^=\mw. 



137, line b 9 for \m; Tang. r\ read -J- m X Tang, rj 
139, tine 14, /or 3—5, read 3— n/5. 



